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Appendix A

On strains

Bodies have one distinct physical property: they occupy regions of euclidean

space E . Although a given body will occupy different regions at different

times, and no one of these regions can be intrinsically associated with the

body, we will find it convenient to choose such a region, B say, as reference,

and to identify points of the body with their positions in B.

Morton E. Gurtin (1981)

Preliminary remarks

In continuum mechanics, finite strains refer to deformations and rotations

that are arbitrarily large. Consequently, since—in contrast to infinitesi-

mal strains—the reference and the current configurations of the continuum

might be significantly different from one another, it is necessary to dis-

tinguish between them to achieve an empirically adequate mathematical

model.

We begin this appendix by examining the displacement-vector field and,

hence, the deformation-gradient tensor. To separate deformations from

rotations, which are both contained in this tensor, we formulate the Cauchy-

Green strain tensors and invoke polar decomposition to obtain explicitly the

rotation and stretch tensors. We also discuss transformations between the

volume and surface elements in the reference and current configurations.

Furthermore, we show how the infinitesimal-strain expressions are inherited

from the finite-strain formulations.

Notation A.1. In this appendix, as well as in Appendices B, C and D,

the quantities associated with the reference configuration are commonly

denoted by the upper-case letters and the quantities associated with the
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current configuration are commonly denoted by the lower-case letters; not

all upper-case or lower-case letters, however, refer to these configurations.

Bold letters represent vectors.

A.1 Displacement-vector field

In continuum mechanics, the displacement of a body consists of two com-

ponents: rigid-body motion and deformation; the former consists of trans-

lation and rotation. In the material coordinates, X , discussed in Sec-

tions 2.2.2 and 2.2.3, we write the displacement-vector field as

U(X, t) =

3∑
I=1

UI ÊI = b(t) + x(X, t)−X , (A.1)

where, as illustrated in Figure A.1, b is the position vector for the origin

of the coordinate system for the current configuration, X is the position

vector of a specific material point in the reference configuration and x is

the position vector of that point in a current configuration.

Fig. A.1: Reference and current configurations: Initially, the reference and cur-
rent configurations—and, hence, the coordinates of any point in the material
and spatial coordinate systems—coincide; thus, for each point, X = x , and
U = u = b = 0 . Under rigid-body motion or deformation, we have, in general,
U = u and X 6= x .

In expression (A.1), with a certain abuse of notation, we let x(X, t)

stand for φ(X, t) , which is a function describing the motion of point X

within a continuum, discussed in Section 2.2.2; also, it is referred to as

function f in Section 3.2.3.1. The value of x(X, t) depends not only on

time but also on X ; in other words, not all points within the continuum
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need to move together, as is the case of the rigid-body motion.

In spatial coordinates, x , also discussed in Sections 2.2.2 and 2.2.3,

u(x, t) =

3∑
i=1

ui êi = b(t) + x−X(x, t) , (A.2)

where x denotes a specific spatial location and where we let X(x, t) stand

for Φ(x, t) , discussed in Section 2.2.3, which is the inverse of φ . Thus, φ

and Φ allow for the mappings between configurations.

The independent variables of expression (A.1) and, hence, of U , are

material coordinates. The independent variables of expression (A.2) and,

hence, of u , are spatial coordinates. As mentioned in Section 2.2.3, these

coordinates are also said to be referential, or Lagrangian, and Eulerian,

respectively.

Fig. A.2: Reference and current configurations with coinciding axes, ÊI = êi ,
where I, i = 1, 2, 3 : If there is no deformation or rotation, X = x , otherwise, this
equality need not hold.

If we choose the axes of the material and spatial coordinates to co-

incide for both the reference and current configurations, as illustrated in

Figure A.2, we obtain1

U(X, t) = x(X, t)−X (A.3)

and

u(x, t) = x−X(x, t) . (A.4)

In such a case, b = 0 , even though this is not explicitly necessary, as

indicated by Remark A.2 on page 364. However, the choice of the material

1see also : Slawinski (2015, Expressions 1.3.8 and 1.3.9)
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and spatial coordinate systems to coincide with one another lends itself to

ease of operations involving X and x .

The displacement vector contains translation, rotation and deformation.

The separation among these processes is discussed in Appendices A.2 and

A.9.

For any given t , U = u , since U and u represent the same geometrical

object: the displacement vector. Furthermore, examining expressions (A.3)

and (A.4), we see that—for any given t and for the coinciding axes of the ma-

terial and spatial coordinates—the values of the corresponding components

of U and u are equal to one another, Ui(X, t) = ui(x, t) , for i = 1, 2, 3 .

This is a consequence of the fact that, as illustrated in Figure A.2, the

values of the components of the displacement vector, U = x−X = u , are

the same in terms in both material and spatial coordinates.2

In either the material and spatial descriptions, each point of a continuum

has two sets of coordinates. Its material coordinates stay with it during its

motion. In other words, each point in the reference configuration is assigned

a unique position vector, X =
∑3
I=1XIÊI . Its spatial coordinates change

as it moves; at any instant, the location occupied by this material point is

assigned a unique position vector, x =
∑3
i=1 xiêi .

Both the material and spatial coordinates discussed in this appendix can

be expressed in terms of Cartesian coordinates.3 Their axes are independent

of deformation, as illustrated in Figures A.1 and A.2; they do not deform

with the body.

An alternative method is to attach the material coordinates to the ma-

terial itself, and allow them to deform together with the material, as il-

lustrated in Figure 2.2 on page 26. Consequently, each material point has

the same material-coordinate value in any configuration, and the motion

is described by the change of a coordinate system. Such coordinates are

referred to as the comoving, convected or embedded coordinates. Since

the coordinates are attached to material points and deform with the body,

the axes of such a system do not remain orthogonal to each other, and a

curvilinear system is required.

To emphasize the importance of the reference and current configurations

2The fact that, for a given t, we have Ui(X, t) = ui(x, t) , where i = 1, 2, 3 , is generally

true for finite elasticity. It is distinct from the infinitesimal-elasticity approximation,
discussed by Slawinski (2015, Section 1.3.3), where U(X, t) ≈ u(x, t) means that—in

examination of infinitesimal displacements—the distinction between the material and

spatial coordinates and, hence, between the functions expressed in terms of these coor-
dinates can be neglected.
3The use of spherical coordinates is illustrated in Example A.2 on page 368.
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in studying deformations, let us conclude by citing Ogden (1997, p. 83).

Our immediate purpose is to analyse the deformation from some
reference configuration B0 of the body B to a generic configu-
ration Bt described by x = χ(X, t) . In particular, we wish to
compare the two configurations without requiring knowledge of
the intermediate stages in the motion so that the time depen-
dence in x = χ(X, t) is not then needed. We therefore suppress
the dependence on t and replace x = χ(X, t) by x = χ(X) .

Marsden and Hughes (1983, p. 2) state that, in their treatise,

[t]he words “configuration” and “deformation” are used syn-
onymously.

In this appendix, even though we might not explicitly suppress t in x(X, t) ,

we focus our attention on distinct configurations, and ignore the intermedi-

ate stages, which are parametrized by t . A transformation between config-

urations is given by the deformation gradient, wherein time does not appear

explicitly.

A.2 Deformation-gradient tensor

The deformation-gradient tensor is the fundamental measure of deformation

in continuum mechanics. It originates in the gradient of the displacement-

vector field.

Elastic solids, in contrast to fluids, possess a memory of their original

state. Thus, to describe a solid, we specify its reference state and measure

the difference between its current state and the reference. The deformation-

gradient tensor bridges these two states.

Consider the gradient of expression (A.1), with respect to the material

coordinates,

∇XU(X, t) = ∇Xx(X, t)− I ,
where I is the identity tensor; in terms of the Cartesian components, we

write

∂UI(X, t)

∂XJ
=
∂xi(X, t)

∂XJ
− δiJ , i, J = 1, 2, 3, (A.5)

where δiJ is the Kronecker tensor.

Remark A.1. The Kronecker tensor and its scalar multiples are the only

isotropic second-rank tensors (Jeffreys, 1961a, Chapter VII). In contrast,
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all scalars, which are zero-rank tensors, are isotropic, and no vectors, which

are first-rank tensors, are isotropic. The Levi-Civita tensor, discussed on

page 374, and its scalar multiples are the only isotropic third-rank tensors.

The isotropy of a fourth-rank tensor, which is an important subject of

elasticity and seismology, is discussed in Section 3.2.

In this remark, isotropy of a tensor means its invariance under all rota-

tions in R3 , which means that its symmetry group is SO(3) .

Remark A.2. Since b(t) , which is a vector that appears in Figure A.1, is

not a function of X , expression (A.5) exhibits its form regardless of b(t) = 0

or b(t) 6= 0 . However, it is necessary for the material and spatial coordi-

nate systems to coincide with one another, as illustrated in Figure A.2,

for functions and their arguments, x(X) and X(x) , to be expressed wth

respect to the same system. Such approach is commonly used.

The deformation-gradient tensor is

F := ∇Xx(X, t) , (A.6)

which is expressed in material coordinates; its inverse is

F−1 = ∇xX(x, t) ,

which is expressed in spatial coordinates. Thus, we can write concisely the

displacement-vector gradient and the deformation gradient as

∇XU = F − I (A.7)

and

∇xu = I − F−1 , (A.8)

in the material and spatial coordinates, respectively. It also follows that

∇xu = ∇XUF−1 .

Remark A.3. F = I means that there is no deformation. However, ac-

cording to the terminology used in this book,4 F 6= I does not necessarily

mean that there is deformation, since a rigid-body rotation also entails

F 6= I . The separation of deformation and rotation—both of which are

contained in F—is discussed in Appendix A.9, where we study the polar

decomposition of F .
4As indicated by quotes on page 398, below, our terminology differs from the one used

in such works as Chadwick (1976) and Ogden (1997).
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F and F−1 are two-point tensors : they act on vectors in one configuration

to produce vectors in another configuration. In components, we write these

tensors as

F =

3∑
i=1

3∑
J=1

∂xi
∂XJ

êi ⊗ ÊJ , (A.9)

and

F−1 =

3∑
I=1

3∑
j=1

∂XI

∂xj
ÊI ⊗ êj ,

where ⊗ denotes a tensor product, which herein results in the basis of a

second-rank tensor in R3 .

In the language of differential geometry, F (X) is a linear map,

F (X) : TXB→ TxS , (A.10)

where TXB and TxS are the tangent spaces, discussed in Appendix E,

to manifolds B and S , which are, respectively, the reference and current

configurations of a body. In this context, we write equation (A.9) as

F =

3∑
i=1

3∑
J=1

∂xi

∂XJ
êi ⊗ ÊJ ;

herein, ÊJ is the basis of the cotangent space T ∗XB , which is dual to ÊJ ,

which means that ÊI(ÊJ) = δIJ .

Referring to F , Marsden and Hughes (1983, p. 71) write

Two-point tensors are natural generalizations of vector fields
and one forms over maps. Note that a two-point tensor is re-
garded as a function of X ∈ B , and not of x ∈ S . One can think
of a two-point tensor as having two tensor “legs,” one in B and
one in S . [ . . . ] The operations on tensors generalize naturally
to operations on two-point tensors. These include: raising and
lowering indices, tensor products, push-forward, pull-back, tilt,
and contraction.

As implied by the second part of this quote, two-point tensors are not

standard objects among tensors. In other words, two-point is an adjective

distinguishing them from, not specifying them within, standard objects

among tensors. Referring to F and F−1, Maugin (1993, p. 46) writes:

These are not tensors per se, but geometrical objects defined
on two configurations or two bases [ . . . ] .
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In subsequent discussions of finite deformations, operations on two-

point tensors can be avoided by introducing—in terms of the deformation-

gradient tensor, which is a two-point tensor—such entities as the Cauchy-

Green strain tensors, discussed in Appendix A.4, and the Second Piola-

Kirchhoff and Cauchy stress tensors, discussed in Appendix B.2; these ten-

sors, in contrast to F , are contained in a single configuration.5 Referring

to deformations, Rymarz (1993, p. 41) writes that

[o]pis stanu deformacji za pomoca̧ tensora rozdwojonego [ . . . ]
jest ogólnie niewygodny (obliczeniowo). Dlatego praktycznie
do opisu stanu deformacji stosuje siȩ kwadratowe tensory de-
formacji wyrażone przez kwadraty nitek materialnych dx , dX
[ . . . ]6

Also, two-point tensors disappear under the assumption of infinitesimal de-

formations, discussed in Appendices A.10 and B.3, for which the distinction

between the reference and current configurations is negligible.

Remark A.4. F can be viewed as a (1, 1) tensor, whose components

are F iJ . Notably, a two-point tensor cannot be symmetric, because its

upper and lower indices are not interchangeable. In orthogonal coordinate

systems, however, we can move indices up or down and, hence, F can be

viewed as just a second-rank tensor, whose components are FiJ , which is the

convention used in Appendices A–C. However, FiJ = FJi and FiJ 6= FJi ,

which are statements that refer to their symmetry, remain meaningless. In

general coordinates, discussed in Appendices E and F, a second-rank tensor

is distinguished as belonging to the (2, 0) , (1, 1) or (0, 2) type, where the

numbers refer to, respectively, the contravariant and covariant ranks of a

tensor. As discussed in Appendix E.3, under coordinate transformations,

the (1, 1) type tensors are subject to mixed transformations.

Expressing the deformation-gradient components as a 3× 3 matrix, we

5Readers interested in historical developments of continuum mechanics and in contribu-
tions of such scientists as Almansi, Beltrami, Jacob Bernoulli, Cauchy, Clausius, Duhem,

Gibbs, Green, von Helmholtz, Kirchhoff, Lagrange, Lamé, Mohr, Nanson, Piola, Planck,

de St.Venant, whose names are attached to concepts discussed in these appendices, might
refer to Maugin (2013, 2014).
6generally, a description of the state of deformation by a two-point tensor is inconvenient

(computationally). Thus, practically, to describe the state of deformation, one uses
quadratic strain tensors, which are expressed by squares of material fibers, dx , dX [ . . . ]
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write

F (X, t) =



∂x1

∂X1

∂x1

∂X2

∂x1

∂X3

∂x2

∂X1

∂x2

∂X2

∂x2

∂X3

∂x3

∂X1

∂x3

∂X2

∂x3

∂X3


, (A.11)

where each entry is a coefficient associated with its basis,

ê1⊗Ê1 =

1

0

0

 [1, 0, 0] =

1 0 0

0 0 0

0 0 0

 , . . . , ê3⊗Ê3 =

0

0

1

 [0, 0, 1] =

0 0 0

0 0 0

0 0 1

 .
F is a Jacobi matrix, discussed on page 28 and illustrated in Exercise 2.2.

In view of expression (A.1), F is a function of both X and t . Hence, to

examine a particular deformation due to F , we need to specify a point, X ,

in the reference configuration, and time t . If the reference configuration

corresponds to t = 0 , then—at that instant—F = I , since there is no

deformation or rotation. Thus, the determinant of F must be positive for

t > 0 , since—as discussed in Appendix A.6, below— detF , which is the

change in volume of an element of continuum, must obey local admissibility.

In other words, an element of volume cannot be reduced to zero.

Fig. A.3: Inhomogeneous deformation; its homogeneous counterpart is illustrated
in Figure A.9, on page 401.

Assuming a homogeneous deformation—which means that F is not a

function of X —the deformation gradient maps, for all t , a line element

in the reference configuration into the line element in the current config-

uration, as opposed to an inhomogeneous deformation, illustrated in Fig-

ure A.3. In view of expression (A.11), a homogeneous deformation is a con-
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sequence of a displacement-vector field, x(X, t) , that is not only linear—but

also affine—in X .

x(X) is a smooth map between the reference and current configura-

tions. The derivative of x , namely, F (X) , at a given point, is the best

linear approximation of x , near that point; such an approximation is illus-

trated by expression (A.35), below. This approximation can be viewed as

a generalization of the total derivative of ordinary calculus to the calculus

on manifolds; it pushes forward tangent vectors of one manifold to tangent

vectors of another.

Herein, we have a particularly convenient context, since the maps be-

tween the reference and current configurations are diffeomorphisms, which

are invertible functions whose inverses are smooth. These maps allow us to

transform any differentiable tensor field between these configurations by the

pushforward and pullback operations.7 Matrix (A.11) and its inverse de-

scribe the transformation of covariant and contravariant tensors, discussed

in Appendix E.

F contains information about both the deformation and the rigid-body

rotation of a body. To isolate the information about deformation, we dis-

cuss, in Appendix A.9, the polar-decomposition theorem.

Example A.1. For numerical illustrations of discussed entities, let us con-

sider the deformation gradient whose components are

F =

 1 0.4950 0.5000

−0.3330 1 −0.2470

0.9590 0 1.5000

 ; (A.12)

it corresponds to a homogeneous deformation evaluated at a particular

instant, in a manner similar to the ones illustrated in Exercises 2.1 and 2.2,

on page 34. Herein, detF = 1.1505 , which means that, at that instant, each

element of volume is expanded by about 15% , as discussed in Appendix A.6,

below.

Example A.2. 8To exemplify properties of the deformation gradient, let us

consider an isochoric and inhomogeneous deformation. The former means

that the volume remains constant, and is also referred to as equivoluminal;

the latter means that the deformation gradient—and, hence, the amount

of deformation—is a function of position in the reference configuration. In
7Readers interested in these operations might refer to Epstein (2010, Sections 4.9 and

4.13).
8Example A.2 is based on discussions with Andrey Melnikov regarding Ogden (1997,

Problem 2.2.16, pp. 116–117).
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this example, in which we consider a spherically symmetric deformation,

the isochoric deformation requires inhomogeneity, where the deformation

gradient, F (X) , must exhibit a specific form. We assume that the reference

and current coordinate systems coincide; in other words, ÊI = êi , where

I = i = 1, 2, 3 .

To find this form, let us express a spherically symmetric deformation as

x = f(R) X , (A.13)

where R = ‖X‖ is the magnitude of the radius in the reference coordi-

nates. We write, in spherical coordinates, the deformation gradient, given

expression (A.9) in Cartesian coordinates, as

F (X) = ∇Xx =
∂x

∂R
⊗ ÊR +

1

R

∂x

∂Θ
⊗ ÊΘ +

1

R sin Θ

∂x

∂Φ
⊗ ÊΦ , (A.14)

where

X = R ÊR , (A.15)

and, hence, expression (A.13) can be written as

x = f(R)R ÊR . (A.16)

Taking its derivatives—using the chain rule with ∂ÊR/∂Θ = ÊΘ and

∂ÊR/∂Φ = sin Θ ÊΦ—we get

∂ x

∂R
= [f ′(R)R+ f(R)] ÊR ,

∂ x

∂Θ
= f(R)R

∂ ÊR

∂Θ
= f(R)R ÊΘ

and

∂ x

∂Φ
= f(R)R

∂ ÊR

∂Φ
= f(R)R sin Θ ÊΦ .

Using these derivatives in expression (A.14), we obtain

F (X) = (f ′(R)R+ f(R)) ÊR ⊗ ÊR + f(R) ÊΘ ⊗ ÊΘ + f(R) ÊΦ ⊗ ÊΦ .

(A.17)

Using ÊR ⊗ ÊR + ÊΘ ⊗ ÊΘ + ÊΦ ⊗ ÊΦ = I and relation (A.15), we write

F (X) = f ′(R)R ÊR ⊗ ÊR + f(R)
(
ÊR ⊗ ÊR + ÊΘ ⊗ ÊΘ + ÊΦ ⊗ ÊΦ

)
= f ′(R)R

(
1

R
X

)
⊗
(

1

R
X

)
+ f(R) I = f ′(R)R

1

R2
X⊗X + f(R) I

=
1

R
f ′(R) X⊗X + f(R) I , (A.18)
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which is the deformation gradient for a spherically symmetric isochoric

deformation.

To examine properties of such a deformation, let us write

F =

f ′(R) + f(R) 0 0

0 f(R) 0

0 0 f(R)

 . (A.19)

Examining this matrix, we identify the principal stretches, which are λr =

f ′(R)R + f(R) and λθ = λφ = f(R) . Since these stretches depend on R ,

it is an inhomogeneous deformation. Let us denote λθ and λφ by λ , which

is the tangential stretch, 2πr/2πR ; hence, λ = r/R , where r is the radius

in the current configuration. Since the deformation is isochoric, λrλ
2 = 1 ,

and, hence, λr = λ−2 , which—in curvilinear orthonormal coordinates—is

equivalent to the determinant being equal to unity,

detF = (f ′(R)R+ f(R)) f2(R) = 1 . (A.20)

This condition is equivalent to

f ′(R) +R−1f(R) = R−1f−2(R) , (A.21)

which is a Bernoulli equation, named in acknowledgement of contributions

of Jacob Bernoulli, who discussed it in the last decade of the seventeenth

century. In general, Bernoulli equations,

y′(x) + p(x)y(x) = q(x)yn(x) ,

where n ∈ R , are nonlinear—for n 6= 0, 1—differential equations whose

exact solutions are known.

To solve equation (A.21), we let

u(R) = f3(R) , (A.22)

which implies that f(R) = 3
√
u and f ′(R) = 1

3u
− 2

3u′(R) . Therefore, equa-

tion (A.21) can be written as

u′(R) + 3R−1 u(R) = 3R−1 .

Multiplying both sides by R3 , we obtain

R3 u′(R) + 3R2 u(R) = 3R2 ,

which is equivalent to

d

dR

(
R3u(R)

)
= 3R2 .
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Integrating both sides and solving for u , we obtain

u(R) = 1 +
C

R3
,

where C is the integration constant. Invoking substitution (A.22), we ob-

tain

f(R) =
3

√
1 +

C

R3
. (A.23)

Let us verify that, as required for isochoric deformations, expres-

sion (A.23) results—for all C—in detF = 1 , which is condition (A.20).

Taking the derivative of expression (A.23), we obtain

f ′(R) =
1

3

(
1 +

C

R3

)− 2
3
(
−3

C

R4

)
= − C

R4

(
1 +

C

R3

)− 2
3
.

Inserting this result into expression (A.20), we obtain− C

R3

(
1 +

C

R3

)− 2
3

+

(
1 +

C

R3

) 1
3

(1 +
C

R3

) 2
3

= − C

R3
+ 1 +

C

R3
= 1 ,

as required. In other words, expression (A.23) is a solution of equa-

tion (A.21).

Let us find the expression of C . The initial volume of a spherical shell,

in the reference configuration, is 4
3π
(
B3 −A3

)
, where A and B are its

inner and outer radii. Under a spherically symmetric deformation, in the

current configuration, this volume is 4
3π
(
b3 − a3

)
, where a and b are the

inner and outer radii. To preserve the volume, between the initial and final

configurations, we require—in accordance with an isochoric deformation—

that B3 −A3 = b3 − a3 , which means that

b3 −B3 = a3 −A3 (A.24)

and, for the intermediate radii, we require that

r3 −R3 = a3 −A3 ,

where a 6 r 6 b and A 6 R 6 B . Solving the latter expression for r3 ,

dividing by R3 and taking the cubic root, we obtain

r

R
=

3

√
1 +

a3 −A3

R3
,

Comparing its right-hand side with solution (A.23), we conclude that

f(R) =
r

R
(A.25)
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Fig. A.4: A cross-section illustrating a deformation of a spherical shell: its orig-
inal radii, A = 1 and B = 2 , become a = 3 and b = 3.2396 ; the last value
is obtained using expression (A.24). Under this deformation, the volume—due
to the assumption of an isochoric deformation—is preserved; it is 28π/3 . Even
though the reference-configuration and the current-configuration coordinates are
shown separately, the position of the centre of the spherical shell is not affected
by the deformation; F results only in the radial displacement of each point X to
its current location x .

and that C = a3 − A3 , which is a consequence of a boundary condition

of equation (A.25), namely, f(A) = a/A . Also, in the context of ma-

trix (A.19), we see that f(R) = r/R = λ and, hence, using solution (A.23),

we obtain λr = f ′(R)R + f(R) = λ−2 , which is in agreement with condi-

tion (A.20), as required.

Let us examine further properties of a spherically symmetric isochoric

deformation. Dividing both sides of equation (A.24) by A3 , we obtain(
B

A

)3 (
λ3
b − 1

)
= λ3

a − 1 , (A.26)

where we denote a/A by λa and b/B by λb . Thus, for the case of an

expanding shell, we have λa > λb > 1 , which means that circumferential

stretch at the inner boundary is greater than at the outer boundary, as

illustrated in Figure A.4. For the case of a contracting shell, we have λa <

λb < 1 , which means that circumferential stretch at the inner boundary is

smaller than at the outer boundary. Also, let us write expression (A.25) as

r = f(R)R ,

which implies that

dr = f ′(R)R dR+ f(R) dR = (f ′(R)R+ f(R)) dR ;
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in other words, the material line element of length dR aligned along the

radial coordinate is stretched by f ′(R)R+ f(R) .

A.3 Compatibility of deformation gradient

A gradient of a vector field, which is a second-rank tensor field, is referred to

as compatible if it allows us to obtain this vector field. For linear elasticity,

the condition of compatibility was formulated at the end of the nineteenth

century by Eugenio Beltrami. Let us discuss it.

Applying the gradient operator to a continuously differentiable vector

field results in a unique second-rank tensor. The compatibility condition

ensures that—given a tensor field that is a gradient of a vector field—we

can infer this vector field. Since, in R3, a vector field has three com-

ponents and a second-rank tensor has nine—to obtain uniquely the for-

mer from the latter—we need constraining relations among tensor com-

ponents. Otherwise, we have an overdetermined system, which consists

of nine partial differential equations—one for each component, ∂xi/∂XJ ,

where i, J = 1, 2, 3 —for three unknowns, xi , where i = 1, 2, 3 .

Remark A.5. Consider the following analogy. Applying the gradient op-

erator to a scalar field results in a unique vector field. Since a scalar field

has one component and, in R3 , the vector field has three, to obtain the

former from the latter, we have to solve—for one unknown—a system that

consists of three equations.

In general, given v1, v2, v3 , system

v1 =
∂f

∂x1
, v2 =

∂g

∂x2
, v3 =

∂h

∂x3

is uniquely soluble—up to a constant—if and only if it is constrained by

f = g = h =: ϕ , which means that [v1, v2, v3] = ∇ϕ . In other words, only

a conservative field allows us to obtain the scalar field from its gradient.

This is a tautology, since only gradients of scalar fields are conservative.

However, in general, a vector field need not be the gradient of a scalar field,

and such a vector field is not compatible, in the sense discussed in this

appendix.

For finite strains in a simply connected body, the necessary and sufficient

condition for a unique solution is

∇× F = 0 , (A.27)
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photos: Elena Patarini

Fig. A.5: A medal to commemorate Tullio Levi-Civita and Gregorio Ricci-
Curbastro, professors of University of Padua, and their contributions to tensor
calculus, which is instrumental in continuum mechanics and, hence, theoretical
seismology.
This medal celebrates the World Year of Physics, established in recognition of
the century since three key contributions were published by Einstein in 1905 :
on photoelectric effect, on Brownian motion and on special relativity. The last
subject is a generalization of Galilean relativity and Galilean spacetime, discussed
in Section 2.2.1; notably, Galileo was also a professor of University of Padua.

where F is the deformation gradient, discussed in Appendix A.2; herein, for

conciseness, we let ∇ stand for ∇X . Using the Levi-Civita symbol—named

in honour of an Italian mathematical physicist, Tullio Levi-Civita, whose

achievements are commemorated by the medal illustrated in Figure A.5—

we write the left-hand side of condition (A.27) as

∇× F =

3∑
I=1

3∑
j=1

εIjm
∂FjK
∂XI

êm ⊗ ÊK , (A.28)

which is a second-rank two-point tensor, whose Cartesian components are
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(∇× F )mK . Explicitly, these components are

∂

∂X1

(
∂x3

∂X2
− ∂x2

∂X3

)
∂

∂X2

(
∂x3

∂X2
− ∂x2

∂X3

)
∂

∂X3

(
∂x3

∂X2
− ∂x2

∂X3

)
∂

∂X1

(
∂x1

∂X3
− ∂x3

∂X1

)
∂

∂X2

(
∂x1

∂X3
− ∂x3

∂X1

)
∂

∂X3

(
∂x1

∂X3
− ∂x3

∂X1

)
∂

∂X1

(
∂x2

∂X1
− ∂x1

∂X2

)
∂

∂X2

(
∂x2

∂X1
− ∂x1

∂X2

)
∂

∂X3

(
∂x2

∂X1
− ∂x1

∂X2

)


.

(A.29)

Condition (A.27) is satisfied identically for homogeneous deformations,

since all terms in parentheses are constant if F does not depend on X ,

which means that x(X) is a linear function of X . Such deformations are, for

instance, a simple extension, illustrated in Exercise 2.1, and a simple shear,

illustrated in Exercise 2.2, where expressions (2.17) and (2.21), respectively,

are linear in X . Otherwise, in view of Proposition A.1, this condition is

satisfied if F = FT , which means—in view of expression (A.29)—that

∂xi/∂XJ = ∂xj/∂XI , but does not mean—in view of Remark A.4—that

F is a symmetric tensor. Also, F = FT is the case of a uniform dilation,

illustrated in Example A.2, which is spherically symmetric.

Proposition A.1. Given an at least twice continuously differentiable

single-valued vector field, x(X) , and its gradient, F = ∇x —where we as-

sume that this gradient exhibits the equality of mixed partial derivatives—it

follows that

∇× (∇x)T = 0 . (A.30)

Proof. Using the Levi-Civita symbol, we write equation (A.30) as

∇× FT =

3∑
I=1

3∑
j=1

εIjm
∂FKj
∂XI

êm ⊗ ÊK = 0 , (A.31)

which is a second-rank two-point tensor, whose Cartesian components are

(∇× FT )Km . The components of tensor (A.31) are

∂2x1

∂X2∂X3
− ∂2x1

∂X3∂X2

∂2x2

∂X2∂X3
− ∂2x2

∂X3∂X2

∂2x3

∂X2∂X3
− ∂2x3

∂X3∂X2

∂2x1

∂X1∂X3
− ∂2x1

∂X3∂X1

∂2x2

∂X1∂X3
− ∂2x2

∂X3∂X1

∂2x3

∂X1∂X3
− ∂2x3

∂X3∂X1

∂2x1

∂X1∂X2
− ∂2x1

∂X2∂X1

∂2x2

∂X1∂X2
− ∂2x2

∂X2∂X1

∂2x3

∂X1∂X2
− ∂2x3

∂X2∂X1


.

(A.32)
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We see that—under the equality of mixed partial derivatives—all compo-

nents are identically zero, as required.

Examining expressions (A.28) and (A.31), we see that (FjK)T = FKj ; in

other words, (FT )T = F . However, (∇× FT )T 6= ∇× F .

In orthonormal coordinate systems, F and FT are duals of one another.

They are linear maps between the reference configuration and a current con-

figuration. In the particular case of F being an orthogonal transformation,

F FT = I , they are inverses of one another.

To gain an insight into expression (A.29), let us consider the following

lemma.

Lemma A.1. Given an at least twice continuously differentiable single-

valued vector field, x(X) , it follows that

∇× (∇x) = ∇(∇× x) . (A.33)

Proof. The left-hand side of equation (A.33) is given by expression (A.29).

Let us examine its right-hand side. Using the Levi-Civita symbol, we write

the Cartesian components of ∇× x as

(∇× x)i =

3∑
j=1

3∑
K=1

εijK
∂xj
∂XK

, i = 1, 2, 3 .

Explicitly, we write these components as[
∂x3

∂X2
− ∂x2

∂X3
,
∂x1

∂X3
− ∂x3

∂X1
,
∂x2

∂X1
− ∂x1

∂X2

]T
.

Hence,

∇(∇× x) =

∂

∂X1

(
∂x3

∂X2
− ∂x2

∂X3

)
∂

∂X2

(
∂x3

∂X2
− ∂x2

∂X3

)
∂

∂X3

(
∂x3

∂X2
− ∂x2

∂X3

)
∂

∂X1

(
∂x1

∂X3
− ∂x3

∂X1

)
∂

∂X2

(
∂x1

∂X3
− ∂x3

∂X1

)
∂

∂X3

(
∂x1

∂X3
− ∂x3

∂X1

)
∂

∂X1

(
∂x2

∂X1
− ∂x1

∂X2

)
∂

∂X2

(
∂x2

∂X1
− ∂x1

∂X2

)
∂

∂X3

(
∂x2

∂X1
− ∂x1

∂X2

)


,

which is expression (A.29), as required.

Lemma A.1 states the commutativity of differential operators, which is a

consequence of x being a vector field, whose derivative results in a tensor

of a rank that allows for the subsequent operation. Equation (A.33) does

not hold for a scalar field.
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A.4 Cauchy-Green strain tensors

A.4.1 Right Cauchy-Green strain tensor

Consider two line elements, dX(1) and dX(2) , mapped into dx(1) and dx(2) ,

respectively. To examine the change of their lengths and of the angle be-

tween them, we consider their scalar products,

dx(1) · dx(2) =
(
F dX(1)

)
·
(
F dX(2)

)
, (A.34)

where terms in parentheses are actions of F , which is illustrated in Fig-

ure A.6. In components, we can write this action as dxi =
∑3
J=1 FiJ dXJ

Fig. A.6: Deformation gradient acting on line element

and, invoking the definition of F , as dxi =
∑3
J=1 ∂xi/∂XJ dXJ .

Remark A.6. The relation between dx and dX is a pushforward, dx =

φ∗[dX] .

Example A.3. Using expression (A.12), which corresponds to a homoge-

neous deformation, we can calculate the action of F on vector X = [1, 1, 1] .

Its result is x = [1.9950, 0.4200, 2.4590] . Both the length and orientation

are affected by F .

Remark A.7. Note that the action of F , namely,

dxi =

3∑
J=1

∂xi(X, t)

∂XJ
dXJ , i = 1, 2, 3 ,

is an infinitesimal quantity, and, hence, an approximation of

∆xi =

3∑
J=1

∂xi(X, t)

∂XJ
∆XJ + . . . , i = 1, 2, 3 , (A.35)
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The terms of order (∆X)2 and higher are neglected in the Taylor-series

expansion represented by the right-hand side of expression (A.35). It is as-

sumed that these terms tend to zero as the differential, dX , tends to zero.

Thus, the deformation gradient—whose components are finite—quantifies

these deformations in the neighbourhood of point X ; it maps an infinitesi-

mal line element, dX , attached to X , in the reference configuration, to the

infinitesimal line element dx , attached to x in the current configuration.

In general, the transpose of a second-rank tensor, S , denoted by ST , is

defined by its property (Sw) · v = w · (ST v) , for all vectors, v and w .

Letting—in expression (A.34)— v := F dX(1) , w := dX(2) and S := F ,

we can write its right-hand side as (Sw) · v ; rewriting it as w · (ST v) , we

obtain

dx(1) · dx(2) = dX(2) ·
(
FTF dX(1)

)
; (A.36)

herein—due to the symmetry of FTF —the right-hand side remains invari-

ant under the interchange of the superscripts, (1)↔ (2) .

Remark A.8. Operations relating the right-hand sides of equations (A.34)

and (A.36) treat both the reference and current configurations within the

same R3 . Otherwise, if in accordance with expression (A.10), F (X) :

TXB → TxS , we need the inner product in both tangent spaces to ob-

tain (F (X))T : TxS→ TXB , which is defined by(
F (X)T w

)
· v = w · (F (X) v) ,

for any v ∈ TXB and w ∈ TxS .

We refer to FTF , which—as shown, respectively, in Lemma A.2 and

Lemma A.3, below—is a symmetric and positive-definite second-rank ten-

sor, as the right Cauchy-Green strain tensor, and denote it by C . Its inverse

is called the Piola strain tensor.

Explicitly, we write

C := FTF ; (A.37)

its components are

CIJ =

3∑
k=1

FkIFkJ , I, J = 1, 2, 3 , (A.38)

which means that C is contained in the reference configuration, since its

basis is ÊI ⊗ ÊJ . In other words,

C =

3∑
I=1

3∑
J=1

(
3∑
k=1

FkIFkJ

)
ÊI ⊗ ÊJ . (A.39)
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Remark A.9. To show a derivation of expression (A.39), we recall expres-

sion (A.9),

F =

3∑
i=1

3∑
J=1

∂xi
∂XJ

êi ⊗ ÊJ ,

and, using the fact that, in general, (a⊗ b)T = b⊗ a , we write

FT =

3∑
i=1

3∑
J=1

∂xi
∂XJ

ÊJ ⊗ êi .

Following expression (A.37) and renaming the indices, we write

C =

(
3∑
k=1

3∑
I=1

∂xk
∂XI

ÊI ⊗ êk

)(
3∑
`=1

3∑
J=1

∂x`
∂XJ

ê` ⊗ ÊJ

)
.

Since (a ⊗ b)(c ⊗ d) = (b · c)(a ⊗ d) , and according to propertties of

orthonormal bases, êk · ê` = δk` , we get

C =

3∑
k=1

3∑
I=1

3∑
`=1

3∑
J=1

∂xk
∂XI

∂x`
∂XJ

δk` ÊI ⊗ ÊJ .

Using properties of the Kronecker delta, we obtain

C =

3∑
k=1

3∑
I=1

3∑
J=1

∂xk
∂XI

∂xk
∂XJ

ÊI ⊗ ÊJ ,

which is equivalent to expression (A.39).

Example A.4. For the case of tensor (A.12), we have

C =

2.0306 0.1620 2.0208

0.1620 1.2450 0.0005

2.0208 0.0005 2.5610

 , (A.40)

which is a symmetric positive-definite tensor; its eigenvalues are 4.3376 ,

1.2561 and 0.2429 .

Lemma A.2. C is symmetric.

Proof. To prove symmetry of C , it suffices to verify that CT = C . Using

expression (A.37), we write

CT =
(
FTF

)T
= FT

(
FT
)T

= FTF = C .

as required.
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Remark A.10. In general, the symmetry is a property entailed by a prod-

uct of a matrix and its transpose.

Lemma A.3. C is positive-definite.

Proof. To prove the positive definiteness of C , it suffices to verify that

dX · (C dX) > 0 , for dX 6= 0 . Using expression (A.37), we write

dX ·
(
FTF

)
dX = (F dX) · (F dX) = ‖F dX‖2 > 0 , ∀ dX 6= 0 ,

as required.

Remark A.11. For the first equality in the proof of Lemma A.3, we invoke

the identity used to obtain expression (A.36), namely, w · STv = Sw · v .

Herein,

dX︸︷︷︸
w

· ( FT︸︷︷︸
ST

F ) dX︸ ︷︷ ︸
v

= ( F︸︷︷︸
S

dX︸︷︷︸
w

) · (F dX︸ ︷︷ ︸
v

) . (A.41)

Also, in the proof of Lemma A.3, we implicitly assume that F dX 6= 0 ,

which means that dX does not disappear upon deformation. In other words,

a nonzero line element, dX 6= 0 , in the reference configuration remains

nonzero, F dX = dx 6= 0 , in a current configuration, which is required by a

physical consideration, namely, conservation of mass. Mathematically, S =

MTM , where M is an arbitrary second-rank tensor, results in a positive-

semidefinite tensor, S , since, in general, v ·
(
MTM

)
v > 0 , for all v 6= 0 .

Remark A.12. In general, the positive definiteness is a property entailed

by a product of a nonsingular matrix and its transpose.

A.4.2 Left Cauchy-Green strain tensor

In a manner similar to expression (A.34), consider

dX(1) · dX(2) =
(
F−1 dx(1)

)
·
(
F−1 dx(2)

)
.

Since, in general, for the second-rank tensors, A and B , we have (AB)−1 =

B−1A−1 and A−T := (A−1)T = (AT )−1 , using the identity invoked in

expression (A.41), we can rewrite the right-hand side as

dX(1) · dX(2) = dx(1) ·
(
F−TF−1dx(2)

)
=: dx(1) ·

(
b−1dx(2)

)
. (A.42)

Herein, b is a symmetric and positive-definite second-rank tensor, which

we refer to as the left Cauchy-Green strain tensor; its inverse is called the

Cauchy strain tensor.
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The symmetry of b−1 could be proven in a manner analogous to the

one presented in the proof of Lemma A.2. Thus, since b−1 is symmetric, so

is b . To prove the positive definiteness of b , by the approach similar to the

one presented in the proof of Lemma A.3, we follow the right-hand side of

equation (A.42) to write

dx ·
(
b−1dx

)
=
(
F−1 dx

)
·
(
F−1dx

)
= ‖F−1dx‖2 > 0 , ∀ dx 6= 0 ,

(A.43)

where, as discussed in Remark A.11, to obtain a strict inequality, we as-

sume that F−1dx 6= 0 . Thus, b−1 is positive-definite. If the inverse of a

tensor is positive-definite, so is the tensor. To justify this statement, we

use the fact that a tensor is positive-definite if and only if its eigenvalues

are positive, and the fact that the eigenvalues of an inverse are reciprocals

of the eigenvalues of a tensor; to complete this justification, we use the

fact that a real number and its reciprocal have the same sign. The second

equality of equation (A.43) can be also written as

dX · dX = ‖dX‖2 > 0 , ∀ dX 6= 0 ,

which is consistent with equation (A.42) and, herein, means that the line

element in the reference configuration is not zero. Otherwise, the derivation

of the left Cauchy-Green strain tensor, presented in equation (A.42), would

not be possible.

Explicitly, we write the left Cauchy-Green strain tensor as

b := FFT ; (A.44)

its components are

bij =

3∑
K=1

FiKFjK , i, j = 1, 2, 3 ,

which means that b is contained in the current configuration. In terms of

its basis, we write

b =

3∑
i=1

3∑
j=1

(
3∑

K=1

FiKFjK

)
êi ⊗ êj .

This result is analogous to expression (A.39), which is derived in Re-

mark A.9.

Example A.5. For the case of tensor (A.12), we have

b =

 1.4950 0.0385 1.7090

0.0385 1.1719 −0.6898

1.7090 −0.6898 3.1697

 , (A.45)

which is a symmetric positive-definite tensor; its eigenvalues are the same

as for C , namely, 4.3376 , 1.2561 and 0.2429 .
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A.4.3 Relations between right and left tensors

As expected from their definitions, C := FTF and b := FFT , which are the

right and left Cauchy-Green strain tensors—whose names originate from F

being to the right and to the left of FT—are related by the deformation

gradient,

C = F−1bF and b = FCF−1 .

Since, in general, given two tensors, tr(AB) = tr(BA) , it follows that

trC = tr b ;

for three, or more, tensors, the equality holds under cyclic—but not

random—permutations. Thus, tr(ABC) = tr(BC A) = tr(C AB) , but

tr(ABC) 6= tr(BAC) . Also, in general, the eigenvalues of AB are the

same as the eigenvalues of BA . For tensors in Examples A.4 and A.5,

trC = tr b = 5.8366 , which is also the sum of their three eigenvalues, as

discussed in Remark A.13.

Traces, which are scalar quantities, are coordinate-independent. Com-

monly, the strain-energy function, which is discussed in Appendix D, is

formulated in terms of invariants of C and b , so that it does not depend

on transformation of coordinate systems associated with the reference or

current configuration. Furthermore, since these relations between C and b

remain true for all powers, trCn = tr bn , and the three invariants of C and

b are equal to each other.

Remark A.13. In R3 , the three invariants of a second-rank tensor, A ,

can be expressed in terms of its trace and the traces of A2 and of A3 . Also,

they can be expressed in terms of its eigenvalues, λi , where i = 1, 2, 3 .

Explicitly, we have

IA = trA = λ1 + λ2 + λ3 ,

IIA = 1
2

(
(trA)2 − trA2

)
= λ1λ2 + λ2λ3 + λ3λ1

and

IIIA = 1
3

(
trA3 − 3

2 trA trA2 + 1
2 (trA)3

)
= λ1λ2λ3 .

The third invariant is detA . These invariants result from the Cayley-

Hamilton theorem.

In general, these quantities are invariant under coordinate transforma-

tions, which is tantamount to the invariance of IA , IIA and IIIA under

orthogonal transformations of A , namely, A → A′ = QAQT , where ′
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refers to the tensor expressed with respect to the transformed coordinates

and Q ∈ O(3) is an orthogonal transformation. These quantities are not

invariant under such operations as interchanging rows or columns of a ten-

sor whose components are expressed as a matrix; nor are they invariant

under the inverse operation, A→ A−1. They are, however, invariant under

the transpose operation, A → AT , even though, in general, this operation

cannot be expressed as an orthogonal transformation.

Example A.6. The characteristic equation of tensor (A.40) is

λ3 − 5.8366λ2 + 6.8073λ− 1.3234 = 0 , (A.46)

which is

λ3 − ICλ2 + IICλ− IIIC = 0 .

Equation (A.46) remains invariant under coordinate transformations of ten-

sor (A.40). It is also invariant under the transpose operation, which—in

this example—is trivial, since C = CT ; this property, however, is true in

general. Equation (A.46) is also the characteristic equation of tensor (A.45),

since Ib = IC , IIb = IIC and IIIb = IIIC .

In Appendix A.8—to show that C and b contain information about

deformation only—we introduce the stretch ratio, which is a function of

deformation alone. Prior to introducing the stretch ratio, however, in Ap-

pendix A.5, we revisit line elements dX and dx to consider their squares. In

Appendix A.6, we invoke expression (A.11) to consider the transformation

of the volume element between the reference and current configurations.

In Appendix A.7, we consider the transformation of the oriented surface

element between the two configurations.

A.5 Green-Lagrange and Almansi strain tensors

Let us consider

‖dx‖2 − ‖dX‖2
2

, (A.47)

where ‖·‖ denotes the magnitude of a vector. Expression (A.47) is a measure

of deformation between the neighbourhoods of X and x , from which stem

the corresponding line elements, ‖dX‖ and ‖dx‖ , respectively.

Following expressions (A.36) and (A.37), we write expression (A.47) as

1
2 (dX · (C dX)− dX · dX) = 1

2dX · ((C − I) dX) =: dX · (E dX) ,
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where E is a positive-definite tensor expressed in the material coordinates.

It is referred to as the Green-Lagrange strain tensor, which in terms of C

and F , discussed in Appendix A.4, can be written as

E = 1
2 (C − I) ≡ 1

2 (FTF − I) . (A.48)

Similarly, in spatial coordinates, we write expression (A.47) as

‖dx‖2 − ‖dX‖2
2

= dx · (e dx) ,

where

e = 1
2 (I − b−1) ≡ 1

2 (I − F−TF−1) , (A.49)

which is referred to as the Almansi strain tensor in honour of an Italian

mathematical physicist Emilio Almansi. Both E and e are convenient en-

tities to study deformation. If there is no strain, they are equal to zero,

since—in such a case—C = b−1 = I .

Remark A.14. Properties of strain tensors C , b , E and e follow from

properties of the deformation gradient, F , by rules of tensor algebra. Ten-

sors C := FTF and b := FFT are symmetric and positive-definite due to

the fact that F is invertible, and, hence, detF 6= 0 .

Tensors E = 1
2 (FTF − I) and e = 1

2 (I − F−TF−1) are symmetric due

to the fact that—for any invertible tensor, A—both ATA and A−TA−1 are

symmetric, and so is I . The other property of E and e requires a more

subtle approach.

In general, the eigenvalues of A− I are λi− 1 , where λi are eigenvalues

of A . Thus, E is positive-definite if all eigenvalues of FTF are greater than

unity. Also, the eigenvalues of I −A are 1−λi . Thus, e is positive-definite

if all eigenvalues of F−TF−1 are smaller than unity.

We conclude that, similarly to C and b , tensors E and e are symmetric.

However, in contrast to C and b , they need not be positive-definite. In

general, their eigenvalues are both positive and negative, as illustrated in

Example A.7, below.

Following expressions (A.7) and (A.8), it is common to write the Green-

Lagrange strain tensor and the Almansi strain tensor in terms of the

displacement-gradient tensor. The former strain tensor, which is in ma-

terial coordinates, is

E =
1

2

(
(∇XU + I)T (∇XU + I)− I

)
=

1

2

(
∇XU + (∇XU)T + (∇XU)T∇XU

)
; (A.50)
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in components, we write it as

EIJ =
1

2

(
∂UI
∂XJ

+
∂UJ
∂XI

+

3∑
K=1

∂UK
∂XI

∂UK
∂XJ

)
, I, J = 1, 2, 3 .

The latter strain tensor, which is in spatial coordinates, is

e := 1
2

(
I − F−TF−1

)
= 1

2

(
I − (I −∇xu)T (I −∇xu)

)
= 1

2

(
∇xu + (∇xu)T − (∇xu)T∇xu

)
;

in components, we write it as

eij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi
−

3∑
k=1

∂uk
∂xi

∂uk
∂xj

)
, i, j = 1, 2, 3 .

Remark A.15. As most entities in the reference and current configura-

tions, E and e are related to one another. Explicitly, we can write

e = F−TE F (A.51)

and

E = FT e F , (A.52)

respectively.

Example A.7. For the case of expressions (A.40) and (A.45), we have

E =

0.5153 0.0810 1.0104

0.0810 0.1225 0.0003

1.0104 0.0003 0.7805

 , (A.53)

and

e =

−0.7234 0.4914 0.7666

0.4914 −0.1868 −0.4144

0.7666 −0.4144 −0.1613

 ,
which are related by expressions (A.51) and (A.52). Herein, both E and

e are symmetric, as expected in view of Remark A.14. Their eigen-

values are both positive and negative, namely, 1.6688,−0.3785, 0.1280

and −1.5581, 0.3847, 0.1019 , respectively, which is consistent with Re-

mark A.14, in the context of Example A.1, since the eigenvalues of FTF and

F−TF−1 are 4.3376, 0.2429, 1.2561 and 4.1161, 0.2305, 0.7961 , respectively;

not all of them are greater or smaller than unity.
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To relate explicitly the eigenvalues of FTF , which we denote by λi ,

to the eigenvalues of E , we recall that E = 1
2 (FTF − I) and, hence, its

eigenvalues are 1
2 (λi − 1) ; herein, they are 1.6688,−0.3785, 0.1280 , as ex-

pected. Similarly, to relate the eigenvalues of F−TF−1 and e , we recall that

e = 1
2 (I − F−TF−1) and, hence, its eigenvalues are 1

2 (1 − λi) , where λi
stands for eigenvalues of F−TF−1 ; thus, we obtain −1.5581, 0.3847, 0.1019 ,

as expected.

Example A.8. Let us obtain the principal strains of E .9 To do so, we

diagonalize matrix (A.53), in a manner described in Remark A.20, below,

to get

E =

0.6599 0.7483 −0.0679

0.0347 −0.1206 −0.9921

0.7505 −0.6523 0.1056


1.6688 0 0

0 −0.3785 0

0 0 0.1280

0.6599 0.7483 −0.0679

0.0347 −0.1206 −0.9921

0.7505 −0.6523 0.1056

T .

The unit eigenvectors, which are the columns of the rotation matrix, are

directions of principal strains, which are normal, not shearing, strains. The

eigenvalues, which are the entries of the diagonalized matrix, are the cor-

responding magnitudes. The sign indicates the direction of strain; the

positive value is extension and the negative value is compression.

A.6 Deformation of volume element

Let us consider the deformation of a volume element. Invoking the triple

product and considering three line elements, the volume of a parallelepiped

in the reference configuration can be written as

dV = dX(1) ·
(

dX(2) × dX(3)
)
. (A.54)

After the deformation, the volume of that parallelepiped is

dv = dx(1) ·
(

dx(2) × dx(3)
)
.

Considering the action of F , we write

dv = F dX(1) ·
(
F dX(2) × F dX(3)

)
.

9Readers interested in discussions on principal strains might refer to Timoshenko and
Goodier (1987, pp. 23–24).
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It follows from the properties of detT —for a second-rank tensor, T , and

vectors, a , b and c —that

(Ta× Tb) · T c = detT (a× b) · c ;

hence, we write

dv = detF
(

dX(1) ·
(

dX(2) × dX(3)
))

= detF dV . (A.55)

Remark A.16. Using the Levi-Civita symbol, we can write the triple prod-

uct as
3∑
i=1

3∑
j=1

3∑
k=1

εijkaibjck ,

which—in view of properties of this symbol—shows that this product is

antisymmetric if we exchange any pair of vectors. For instance,

a · (b× c) = −b · (a× c) .

An entity whose components—with respect to an orthonormal basis—are

given by the Levi-Civita symbol is a pseudotensor, since, under reflections,

it acquires a negative sign. Consequently, the result of a vector product is

a pseudovector, not a vector.

Also, εijk and its scalar multiples are the only isotropic third-rank ten-

sors (Jeffreys, 1961a, Chapter VII).

If we denote the determinant of F , given in matrix (A.11) by J , we

rewrite expression (A.55) as

dv = J dV , (A.56)

where, also according to the triple product,

J =
∂x

∂X1
·
(
∂x

∂X2
× ∂x

∂X3

)
;

herein, each term is a column of matrix (A.11).

J is a volume ratio of an element between its reference and current

configurations. For incompressible materials, J = 1 . In general, it is a pos-

itive quantity—due to local admissibility—which means that no material

element is permitted to invert itself upon deformation, which is tantamount

to no penetration among elements within a continuum. It ensures that F

has an inverse. Also, in view of equation (A.56), the requirement of

J := detF > 0 , (A.57)
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which is introduced in Section 3.2.3.1 and Appendix A.2, means that both

dv and dV must exhibit the same sign.

Remark A.17. J , as the volume ratio, is equivalent to detF , for defor-

mation gradients, whose components are expressed as a matrix in terms of

Cartesian or curvilinear orthonormal coordinates. This includes spherical

coordinates, used in Example A.2, on page 368, where we set detF = 1 , as

a requirement for an isochoric deformation. A change in volume, in terms

of Cartesian coordinates, is discussed in Remark 2.3, on page 37.

In Example A.2, equation (A.56) is used in condition (A.21), which is

a differential equation. For homogeneous deformations, equation (A.56)

remains valid even in a form that is not differential, namely, v = J V . To

exemplify it, let us consider Exercise 2.1, on page 34, where, at t = 1 ,

det

 1 + t 0 0

0 1 0

0 0 1

 = 2 ,

which, as illustrated in Figure 2.3, is the ratio of the current volume, at

t = 1 , which is v = 2(1)2 , to the reference volume, at t = 0 , which is

V = (1)3 . Furthermore, the determinant of matrix (2.22), in Exercise 2.2, is

equal to unity, regardless of the value of α , as required for an equivoluminal

deformation.

A.7 Deformation of oriented surface element

Let us consider the deformation of an oriented surface element. In the

reference configuration, we can express an element of the surface area, dS ,

whose unit normal is N and which is bounded by two line elements, as

N dS = dX(1) × dX(2) .

In accordance with the triple product, the volume element associated with

this area and an arbitrary line element, dX , is

dV = N dS · dX . (A.58)

Similarly, in the current configuration, we can write

dv = n ds · dx .

In terms of the action of F , we can write

dv = n ds · FdX . (A.59)
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Invoking expressions (A.56) and (A.58), we obtain

dv = JdV = J N dS · dX . (A.60)

Equating the right-hand sides of equations (A.59) and (A.60) as well as

using the fact that dX is arbitrary, we obtain

n ds = JF−TN dS , (A.61)

which relates the current and the reference configurations in terms of n ds

and N dS . It is known as Nanson’s formula. In other words, Nanson’s

formula relates the oriented area elements in the reference and current

configurations.

A.8 Stretch ratio

Let us return to the Cauchy-Green tensors, discussed in Appendix A.4.

The right and left Cauchy-Green tensors are related to the stretch ratio,

which is defined in terms of a line element in the reference and current

configurations,

λ :=
‖dx‖
‖dX‖ , (A.62)

where ‖ · ‖ denotes the magnitude of a vector.

Remark A.18. In a one-dimensional medium, we write the local stretch

as dx/dX , which—for such a medium—is equivalent to its deformation

gradient.

It follows that, in terms of the direction vectors of unit length, we can

write

λ2 =
dX

‖dX‖ ·
(
C

dX

‖dX‖

)
(A.63)

and

λ−2 =
dx

‖dx‖ ·
(
b−1 dx

‖dx‖

)
, (A.64)

in the material and spatial coordinates, respectively. Thus, given the ori-

entation of a line element, tensors C and b determine its stretch. Herein,

C and b provide information about deformation only.
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Example A.9. Using values from Example A.3 in expression (A.62), we

have

λ =

√
1.99502 + 0.42002 + 2.45902

√
12 + 12 + 12

= 1.8442 .

Using values (A.40) in expression (A.63), with

dX

‖dX‖ =
[1, 1, 1]√

3
,

we obtain 3.4010 , which is λ2 , as expected.

A.9 Stretch and rotation tensors

A.9.1 Polar decomposition

To express explicitly the information about deformation and rotation—in

contrast to both of them being included implicitly in F—we invoke the

polar-decomposition theorem.

Theorem A.1. Every nonsingular second-rank tensor, F , is uniquely de-

composable into the product of an orthogonal tensor, R , and a symmetric

positive-definite tensor, U . Also, there is a unique decomposition in the

reversed order, v R , where v is also a symmetric positive-definite tensor.

Proof. To prove Theorem A.1, we let R be orthogonal, U be positive-

definite and F = RU . It follows that FT = UTRT = UR−1 , and, hence,

FTF = U2 , U =
√
FTF and R = FU−1 .

Remark A.19. To take the square root of FTF , we can express it in the

orientation of coordinates that result in its diagonal form, take the roots

of the diagonal entries, and return the tensor to its original orientation.

Since FTF is a symmetric positive-definite tensor, it is diagonalizable and

its main-diagonal entries, which are its eigenvalues, are real and positive.

Thus, given F that is invertible, let us define U :=
√
FTF and R :=

FU−1 . The former is necessarily positive-definite, since F is invertible.

The orthogonality of the latter is stated by the following lemma.

Lemma A.4. R is an orthogonal tensor.

Proof. To prove orthogonality of R , it suffices to verify that RTR = I .

We write

RTR =
(
FU−1

)T (
FU−1

)
=
(
U−1

)T
FT
(
FU−1

)
=
(
UT
)−1

FT
(
FU−1

)
.



March 20, 2018 18:42 Waves and Rays in Seismology 9in x 6in BookThreeSec page 391

On strains 391

Since U is symmetric, we can write

RTR = U−1FTFU−1 = U−1 U2 U−1 = I ,

as required.

In the following lemma we prove the uniqueness of polar decomposition.

Lemma A.5. Polar decomposition is unique.

Proof. To prove uniqueness, let us suppose that

F = RU = R̄ Ū , (A.65)

where R and R̄ are orthogonal and U and Ū are positive-definite. From

equation (A.65), it follows that

U2 = FTF = Ū2 .

Hence, since U and Ū are positive-definite, U = Ū . Again, from equa-

tion (A.65), it follows that R = R̄ . Thus, the decomposition is unique.

It remains to prove that F = vR . Since F = RU = (RURT )R , we

define v := RURT , which is positive-definite. The uniqueness of this

decomposition can be proven in a manner analogous to Lemma A.5.

The proof of Theorem A.1 is complete.

A.9.2 Right Stretch Tensor

Following Theorem A.1, consider

F = RU , (A.66)

where, herein, R is the rotation tensor in R3 , and U is referred to as the

right Stretch Tensor. R is a two-point tensor since—according to the action

of F , used in expression (A.34)—we can write

dx = F dX = R (U dX) . (A.67)

Herein, the undeformed line element, dX , in the reference configuration, is

first stretched by U and then rotated by R to become dx , in the current

configuration.

To find U , consider definition (A.62) and the material line element, d X .

In terms of λ , the action of F , and according to decomposition (A.66), it

follows that

λ
dx

‖dx‖ = F
dX

‖dX‖ = RU
dX

‖dX‖ .
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Taking the scalar product of λ dx/‖dx‖ with itself and using the fact that

RTR = I and U = UT , we obtain

λ2 =
dX

‖dX‖ ·
(
U U

dX

‖dX‖

)
.

Hence, according to expression (A.63), it follows that

U =
√
C , (A.68)

where the validity of this expression relies on the fact that any symmet-

ric positive-definite second-rank tensor has a unique symmetric positive-

definite second-rank tensor that is equal to its square.

Fig. A.7: Polar decomposition of tensor F : RU = vR

C , unlike F , contains information about deformation only. Notably, U ,

and, hence, also C , contains all the information about the strain; R contains

all the information about rotation. Also, since C belongs to the reference

configuration, so does U . Also, as illustrated in Figure A.7, since F is a

two-point tensor, it follows that R must also be the mapping between the

reference configuration and a current configuration, FiJ =
∑3
K=1RiKUKJ .

Hence, its geometrical interpretation as a rotation has to be considered only

sensu lato.

Example A.10. The eigenvalues of C , which is given in expression (A.40),

are

Λ1 = 4.3376,Λ2 = 1.2561,Λ3 = 0.2429 ;
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the corresponding unit eigenvectors are

N1 = a [ 0.6599, 0.0347, 0.7506 ] ,

N2 = b [−0.0679,−0.9921, 0.1056 ] ,

N3 = c [−0.7483, 0.1206, 0.6523 ] ,

where we set a = b = c = 1 ; in general, a, b, c ∈ R .

In general, [N1,N2,N3] form an orthogonal system, due to the symme-

try of C . Herein, each eigenvector is normalized to form an orthonormal

system. All eigenvalues and eigenvectors are within the reference configu-

ration.

Denoting the eigenvalues by ΛI , we can write

C =

3∑
I=1

ΛI NI ⊗ NI , (A.69)

whose values—which are independent of the choice of basis—are given in

expression (A.40); for instance,

C11 = Λ1 (N1 ⊗ N1)11 + Λ2 (N2 ⊗ N2)11 + Λ3 (N3 ⊗ N3)11 (A.70)

= 2.0306 ,

where the values of (NI ⊗ NI)11 are given in Remark A.21 on page 395.

Remark A.20. Expression (A.69) is equivalent to the result of the diago-

nalization of C . To see it, we write

C =

[
N1 N2 N3

]Λ1 0 0

0 Λ2 0

0 0 Λ3

[N1 N2 N3

]T
,

where [
N1 N2 N3

]
:=

0.6599 −0.0679 −0.7483

0.0347 −0.9921 0.1206

0.7506 0.1056 0.6523

 ,
whose determinant is −1 , is the orthogonal transformation of the coordi-

nate system that results in the diagonal form of the components of C ; it

consists of rotation and reflection. Explicitly, we write C as Λ1 (N1)1 (N1)1 + Λ2 (N2)1 (N2)1 + Λ3 (N3)1 (N3)1

Λ1 (N1)1 (N1)2 + Λ2 (N2)1 (N2)2 + Λ3 (N3)1 (N3)2

Λ1 (N1)1 (N1)3 + Λ2 (N2)1 (N2)3 + Λ3 (N3)1 (N3)3
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Λ1 (N1)1 (N1)2 + Λ2 (N2)1 (N2)2 + Λ3 (N3)1 (N3)2

Λ1 (N1)2 (N1)2 + Λ2 (N2)2 (N2)2 + Λ3 (N3)2 (N3)2

Λ1 (N1)2 (N1)3 + Λ2 (N2)2 (N2)3 + Λ3 (N3)2 (N3)3

Λ1 (N1)1 (N1)3 + Λ2 (N2)1 (N2)3 + Λ3 (N3)1 (N3)3

Λ1 (N1)2 (N1)3 + Λ2 (N2)2 (N2)3 + Λ3 (N3)2 (N3)3

Λ1 (N1)3 (N1)3 + Λ2 (N2)3 (N2)3 + Λ3 (N3)3 (N3)3

 ,
where components of each eigenvector—which is denoted by I = 1, 2, 3—are

(NI)J , with J = 1, 2, 3 . Thus, concisely,

CJK =

3∑
I=1

ΛI (NI)J (NI)K =

3∑
I=1

ΛI (NI ⊗NI)JK , J,K = 1, 2, 3 ,

which is tantamount to expression (A.69), but stated in a matrix notation.

For instance,

C11 = Λ1 (N1)1 (N1)1 + Λ2 (N2)1 (N2)1 + Λ3 (N3)1 (N3)1 ,

which—in terms of the tensor product—we can write as

C11 = Λ1 (N1 ⊗ N1)11 + Λ2 (N2 ⊗ N2)11 + Λ3 (N3 ⊗ N3)11 ,

which is equation (A.70), as expected.

Let us return to equation (A.68). Following expression (A.69), we have

U =
√
C =

3∑
I=1

√
ΛI NI ⊗ NI =

1.1880 0.0787 0.7829

0.0787 1.1128 −0.0244

0.7829 −0.0244 1.3956

 , (A.71)

and, in accordance with Theorem A.1 and expression (A.66), we obtain

R = F U−1 =

 0.9143 0.3769 −0.1481

−0.3739 0.9262 0.0490

0.1556 0.0110 0.9878

 ,
where F is given in expression (A.12). Thus, a polar decomposition of

the deformation gradient illustrated in Example A.1 and stated in expres-

sion (A.12) is

RU =

 0.9143 0.3769 −0.1481

−0.3739 0.9262 0.0490

0.1556 0.0110 0.9878

1.1880 0.0787 0.7829

0.0787 1.1128 −0.0244

0.7829 −0.0244 1.3956

 .
For instance, following Example A.3 and according to expression (A.67), we

apply the stretch to X = [1, 1, 1] to obtain U X = [2.0500, 1.1680, 2.1550] .

Then, we rotate it to obtain x = [1.9950, 0.4200, 2.4590] , as expected from

Example A.3.
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Remark A.21. Let us revisit Example A.10 to consider explicitly opera-

tions relating C and U . As implied in the context of expression (A.9), on

page 365, a basis of the space of operators in R3 , which therein appear as

a second-rank tensor, êi⊗ ÊJ , has nine elements. However, the basis of C

in expression (A.69) involves only three elements, namely,

N1 ⊗ N1 =

 0.4354 0.0229 0.4953

0.0229 0.0012 0.0260

0.4953 0.0260 0.5634

 ,
N2 ⊗ N2 =

 0.0046 0.0674 −0.0072

0.0674 0.9842 −0.1047

−0.0072 −0.1047 0.0111


and

N3 ⊗ N3 =

 0.5600 −0.0903 −0.4881

−0.0903 0.0145 0.0788

−0.4881 0.0788 0.4255

 .
The fact that the linear combination of three basis elements is sufficient

to express C —as could be verified by comparing the result of operations

in expression (A.69) to expression (A.40)—is a consequence of the special

choice of basis intrinsic to C .

Herein, each basis element possesses only one nonzero eigenvalue, which

is equal to unity. Hence, the determinant of each element is zero. The or-

thonormal basis, [ N1,N2,N3 ] , of R3 consists of the corresponding eigen-

vectors of operators NI ⊗ NI , where I = 1, 2, 3 . Since NI ·NJ = δIJ ,

products (NI ⊗ NJ)(NI ⊗ NJ) are zero, if I 6= J , and NI ⊗ NI , if I = J .

The former property means that each NI⊗NJ , where I 6= J , for instance,

N1 ⊗ N2 =

−0.0448 −0.6547 0.0697

−0.0024 −0.0344 0.0037

−0.0500 −0.7446 0.0792

 ,
is a nilpotent operator, which—if multiplied by itself—is zero. The latter

property means that each NI ⊗ NI is an idempotent operator, which—if

multiplied by itself—remains unaltered. This property is used implicitly

between expressions (A.69) and (A.71), where—relating C and U—we use

(NI ⊗ NI)
2

= NI ⊗ NI . The matrix interpretation of this process is

described in Remark A.19.

In Example A.10, idempotent operators, NI ⊗ NI , have traces equal

to unity. In general, the trace of an idempotent operator—on a finite-

dimensional space—is an integer, which is the dimension of the range of

this operator.
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Let us note that in expression (A.39), ÊI ⊗ ÊJ are also idempotent

operators, if I = J ; otherwise, they are nilpotent. However, in contrast

to Example A.10, where—due to the special choice of basis—CIJ = 0 , if

I 6= J , in general, the nine components of C are nonzero.

A.9.3 Left Stretch Tensor

Following Theorem A.1, consider,

F = vR , (A.72)

where R is the same tensor as in expression (A.66) and v is a symmetric

and positive-definite second-rank tensor, and

dx = F dX = v (R dX) . (A.73)

It is referred to as the left Stretch Tensor. To find v , we obtain, in a manner

analogous to the one discussed in Appendix A.9.2,

λ−2 =
dx

‖dx‖ ·
(
v−1 v−1 dx

‖dx‖

)
.

Hence, according to expression (A.64), it follows that v v = b . Thus, b ,

unlike F , contains information about deformation only. Also, since b is

contained in the current configuration, so is v . Again—as in the case

of the right Stretch tensor, and as illustrated in Figure A.7—the rotation

tensor, R , is the mapping between the reference configuration and a current

configuration, FiJ =
∑3
k=1 vikRkJ .

Example A.11. In a manner analogous to the one presented in Exam-

ple A.10, and in accordance with Theorem A.1, we can find v for expres-

sion (A.72) by considering eigenvalues and eigenvectors of tensor b = v2 .

Also, since eigenvalues for both U and v are the same and R is the same

for both decompositions, we can obtain the eigenvectors of the latter as

ni = RNI , and, hence, construct tensor v .10 However, since herein we

have expressions for F and R , we can invoke expression (A.72) to write

v = FRT =

1.0269 0.1090 0.6547

0.1090 1.0386 −0.2852

0.6547 −0.2852 1.6309

 .
10Interested readers might refer to Bonet and Wood (2008, Section 4.6).
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Thus, a polar decomposition of the deformation gradient illustrated in Ex-

ample A.1 and stated in expression (A.12) is

v R =

1.0269 0.1090 0.6547

0.1090 1.0386 −0.2852

0.6547 −0.2852 1.6309

 0.9143 0.3769 −0.1481

−0.3739 0.9262 0.0490

0.1556 0.0110 0.9878

 .
If, following Example A.3 and expression (A.73), we apply the rotation to

X = [1, 1, 1] , we obtain RX = [1.1431, 0.6012, 1.1540] . Then, if we stretch

it, we obtain x = [1.9950, 0.4200, 2.4590] , as expected from Examples A.3

and A.10.

A.9.4 Relations between right and left Stretch Tensors

As illustrated in Examples A.10 and A.11, the results of the actions of RU

and vR are the same, even though the order of deformation and rotation

is reversed; R is the same in both cases. Also, v = RURT and, hence,

b = RCRT .

As stated in Appendix A.9.3, both U and v have the same eigenvalues,

and their eigenvectors are rotated by R with respect to each other. Since U

is a symmetric positive-definite tensor, its three eigenvectors are orthogonal

to each other. The amount of stretch is measured by the eigenvalues. If

it is greater than unity, the element is expanded in the direction of the

corresponding eigenvector. If it is smaller, it is contracted. The same is

true for v .

Furthermore, from equation (A.55), it follows that

detF =
dv

dV
.

Since U , as well as v , contain all the information about the strain, and also

since a rotation of an element does not affect its volume, it follows that

detF = detU = det v ,

where the latter equality is consistent with the fact that U and v have the

same eigenvalues. Both equalities are consistent with the fact that detU

and det v are positive by virtue of the positive definiteness of U and v , and

detF is positive by virtue of local admissibility.

Also, Theorem A.1 allows us to prove two concepts discussed in Ap-

pendix A.2, namely that F = I means that there is no deformation, and

that F 6= I does not necessarily mean that there is deformation, since a

rigid-body rotation also entails F 6= I . For the former, the polar decompo-

sitions of F = I result in R = U = v = I , which means that there is neither
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rotation nor deformation. For the latter, if U = v = I , which means that

there is no deformation, and if R 6= I , which means that there is rotation,

we have F = R .

To comment briefly on terminology, let us cite Dorfmann and Ogden

(2014, p. 53), who write

Note that if F is just a rotation R , then, since R is orthogonal,
RTR = I , i.e. there is no strain associated with a pure rotation.

According to Ogden (1997, p. 90)—in spite of no strain—there is, however,

deformation, since one can

regard a rigid rotation as a local deformation which corresponds
to zero strain. The most general deformation which yields zero
strain and is consistent with J ≡ detF > 0 comprises rigid
translation combined with a rigid rotation,

where J ≡ detF > 0 is requirement (A.57).

It is important to be explicit, without being pedantic, about the mean-

ing of such terms as motion, deformation and strain. Herein, we interpret

the deformation of a continuum, sensu stricto, as a change of position of

points within it, relative to each other,11 which is distinct from the interpre-

tation or terminology, sensu lato, cited above or used by Chadwick (1976,

p. 52), who writes that

[t]he term deformation is employed when the functions ψ and
Ψ do not depend upon t and in contexts in which the time
dependence is irrelevant. More precisely, a deformation is a
(smooth) mapping of a reference configuration into a current
(or deformed) configuration. Evidently a motion may be viewed
as a one-parameter family of deformations indexed by the time.

In this appendix, functions ψ and Ψ are x(X, t) and X(x, t) , respectively;

in Chapter 2, they are denoted by φ and Φ .

In our terminology, we distinguish between a rigid-body motion, which

consists of rotation and translation, and a deformation, which is limited to

the case for which the relative distance or orientation of points within the

body is changed. Motion, in our terminology, includes all of them.

In our terminology, wave propagation is a consequence of deformation,

which is a change in volume or shape within a continuum. If a broader

meaning of deformation is used, it is a consequence of strain.

11see also : Slawinski (2015, Section 1.4.1)
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A.9.5 Local and global rotations

In general, polar decomposition is a mathematical statement that is ap-

plied locally. A rigid-body rotation, on the other hand, implies a global

application. Yet, in general, R is not a rigid-body rotation, but a function

of position within a body; in such a case, it is an intrinsic component of

deformation.

Let us consider a simple shear, illustrated in Exercise 2.2, on page 36.

The deformation gradient, stated in matrix (2.22), can be written as

F = I + α(t) ê1 ⊗ Ê2 , (A.74)

where α is the amount of shear. At t = 2 , which corresponds to α = 2 ,

the polar decomposition is

1 2 0

0 1 0

0 0 1


︸ ︷︷ ︸

F

=


cos
(π

4

)
sin
(π

4

)
0

− sin
(π

4

)
cos
(π

4

)
0

0 0 1


︸ ︷︷ ︸

R



√
2

2

√
2

2
0

√
2

2

3
√

2

2
0

0 0 1


︸ ︷︷ ︸

U

; (A.75)

herein, R is a global rotation and U is a global stretch, as illustrated in

Figure A.8, in which stretch is followed by rotation.12 However, both result

in a deformation, as illustrated in Figure A.9.

Since U is symmetric, it can be diagonalized, and the resulting polar

decomposition can be expressed in terms of the principal stretches. In such

a case, the rotation matrix is adjusted accordingly (Ogden, 1997, Prob-

lem 2.2.10).

In contrast to equation (A.75), for a uniaxial stretch,13 discussed in

Exercise 2.1, on page 34, we haveα 0 0

0 1 0

0 0 1


︸ ︷︷ ︸

F

=

1 0 0

0 1 0

0 0 1


︸ ︷︷ ︸

R

α 0 0

0 1 0

0 0 1


︸ ︷︷ ︸

U

=

α 0 0

0 1 0

0 0 1


︸ ︷︷ ︸

v

 1 0 0

0 1 0

0 0 1


︸ ︷︷ ︸

R

,

where α is the amount of stretch. Herein, there is no rotation—globally or

locally—as expected in view of Figure 2.3.14

12see also : Slawinski (2015, Figure 1.4.2)
13see also : Slawinski (2015, Figure 1.4.1)
14Readers interested in geometrical interpretations of deformations might refer to Ogden
(1997, Sections 2.2.5, 2.2.6).
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Fig. A.8: The RU polar decomposition of a simple shear, stated in expres-
sion (2.23), on page 37, for t = 2 : a stretch, which results in dotted lines, is
followed by a π/4 rotation, which results in dashed lines; in Figure 2.4, dashed
lines illustrate the result of the same simple shear, for t = 1 . For the v R po-
lar decomposition, the intermediate phase would be illustrated by the clockwise
π/4 rotation of the square, about the origin. The final result is necessarily the
same for both decompositions, since F = RU = v R .

Both the simple shear and uniaxial stretch are homogeneous deforma-

tions. The issue of local rotations—in polar decomposition—becomes par-

ticularly important for inhomogeneous deformations.

Returning to a simple shear and using equation (A.74), we write equa-

tion (A.37) as

C = I + α(t)
(
Ê1 ⊗ Ê2 + Ê2 ⊗ Ê1

)
+ α2(t)

(
Ê2 ⊗ Ê2

)
,

and equation (A.44) as

b = I + α(t) (ê1 ⊗ ê2 + ê2 ⊗ ê1) + α2(t) (ê1 ⊗ ê1) .

Also, we write equation (A.48) and (A.49) as

E = 1
2

(
α(t)

(
Ê1 ⊗ Ê2 + Ê2 ⊗ Ê1

)
+ α2(t)

(
Ê2 ⊗ Ê2

))
and

e = 1
2

(
α(t) (ê1 ⊗ ê2 + ê2 ⊗ ê1)− α2(t) (ê2 ⊗ ê2)

)
,

respectively.
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Fig. A.9: Rotation due to simple shear

Each strain-tensor expression is contained within a single configuration;

also, each of them carries explicit information about local rotations. This

is apparent from the definitions of these tensors, which are expressed in

terms of geometric relations between line elements. Hence, C , b , E and e

are affected by these rotations.

As shown in Figure A.9, we can illustrate a simple shear as a homo-

geneous deformation of a deck of cards. Cards slide parallel to each other

in such a manner that each card slides, with respect to the card below it,

in the same direction, and by the same amount, as that card slides with

respect to the card below it. Let us consider two line elements prior to

deformation. One line element is parallel to the cards, which we visualize

as being horizontal; the other is perpendicular, and, hence, it is vertical.

After deformation, the orientation of the horizontal line element remains

horizontal, since since it coincides with the direction of sliding, which is

the shear direction. The other line element, however, ceases to be vertical.

Thus, their mutual orientation changes as a consequence of deformation,

which, in this illustration, is the local rotation of the vertical line element.

A.10 Infinitesimal strain and rotation tensors

In aspects of elasticity, including many studies of seismology, we achieve a

satisfactory level of empirical adequacy under assumptions of infinitesimal

strains and rotations. Furthermore, resulting formulations exhibit several

convenient properties.

To examine consequences of these assumptions, let us consider expres-

sion (A.50). If the displacement gradient is assumed to be infinitesimal, we

can neglect the quadratic terms in this expression to write

E ≈ 1
2

(
∇XU + (∇XU)T

)
=: ε ,
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which is the infinitesimal-strain tensor. If we also assume that the rigid-

body rotations are infinitesimal, it follows that

1
2

(
∇XU + (∇XU)T

)
≈ 1

2

(
∇xu + (∇xu)T

)
,

which means that the distinction between the material and spatial coordi-

nates is negligible. For infinitesimal strains, it is common to write15

εij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
, i, j = 1, 2, 3 , (A.76)

without distinguishing between the material and spatial coordinates.

Hence, we can write the components of the displacement vector as ui =

xi −Xi , where i = 1, 2, 3 .

For infinitesimal strains and rotations, the separation between them can

be accomplished by invoking the fact that any second-rank tensor can be

decomposed into its symmetric and antisymmetric parts. Hence, we write

the gradient of the displacement field, u , as

∇xu = 1
2

(
∇xu + (∇xu)T

)
+ 1

2

(
∇xu− (∇xu)T

)
, (A.77)

where the first summand is a symmetric part, which corresponds to an

infinitesimal-strain tensor, and the second one is an antisymmetric part,

which corresponds to an infinitesimal-rotation tensor. We denote them by

ε and ξ , respectively. In components, these tensors are stated in expres-

sion (A.76) and by

ξij =
1

2

(
∂ui
∂xj
− ∂uj
∂xi

)
, i, j = 1, 2, 3 . (A.78)

In contrast to the deformation gradient, F , discussed in Appendix A.2,

∇xu is a tensor, sensu stricto , not a two-point tensor. This is a consequence

of the disappearance of distinction—under the assumption of infinitesimal

deformations—between the reference and current configurations. Hence,

in contrast to expression (A.6), where x(X) and X belong to the current

and reference configurations, respectively, in expression (A.77), both the

range, u(x) , and the domain, x , belong to the same configuration. Thus,

within the context of infinitesimal deformations, referring to ∇xu , Thorne

and Blandford (2017, p. 570) write

[t]his tensor is a geometric object, defined independently of any
coordinate system [ . . . ] .

Also, Thorne and Blandford (2017, p. 570) comment on the compatibil-

ity of ∇xu ,
15see also : Slawinski (2015, Expression 1.4.6)
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[i]n any small neighborhood of any point xo in a deformed body,
we can reconstruct the displacement vector [ . . . ] from its gra-
dient [ . . . ] up to an additive constant.

Remark A.22. In a manner similar to the one discussed in Appendix A.3,

we could establish the compatibility condition for infinitesimal strains,

which ensures that—given a strain tensor—we can infer the correspond-

ing displacement field, up to a rigid-body motion. This condition is

∇× (∇× ε) = 0 . (A.79)

Again, as in the case of finite strains, condition (A.79) is satisfied trivially

for homogeneous deformations, since all partial derivatives are zero.

Remark A.23. Expression (A.78)—multiplied by 2—can be viewed as

components of the curl of a vector field, u , which are 2 ξ32 , 2 ξ13 and

2 ξ21 .16 In Cartesian coordinates and using the Levi-Civita symbol, these

three components are

(∇× u)i =

3∑
j=1

3∑
k=1

εijk
∂uk
∂xj

, i = 1, 2, 3 ,

which, in view of antisymmetry of the symbol, represent the linearly inde-

pendent components of the second-rank tensor that corresponds to rotation.

As discussed in Section 5.1.2, the shear wave is expressed in terms of ∇×u .

From expressions (A.7) and (A.8), it follows that, in general,

F = I +∇XU = I +∇xuF .

Hence, for infinitesimal deformations, for which we let X = x and U = u ,

F ≈ I +∇xu = I + ε+ ξ . (A.80)

Under the assumptions of infinitesimal strains and rotations several distinct

entities become indistinguishable from each other. C = b , which means

that there is no distinction between the right and left Cauchy-Green strain

tensors; they both tend to identity. Also, using the fact that (I + δ)−1 ≈
I − δ , it follows that E = e , which means that there is no distinction

between the Green-Lagrange strain tensor and the Almansi strain tensor;

they both tend to zero. In such a case, they are both commonly denoted

by ε .

Furthermore, in general, the product of two deformation gradients is not

commutative, as can be expected in view of noncommutativity of matrix
16see also : Slawinski (2015, Section 1.5 and Exercise 1.7)
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multiplication and of subtleties of polar decomposition. This property can

be illustrated geometrically by rotating a stretched cube versus stretching a

rotated cube; in both cases, we rotate and stretch by the same amount and

in the same orientation. For an infinitesimal case, however, the product

becomes commutative.17

To relate the decomposition of a tensor into its symmetric and anti-

symmetric parts to the polar decomposition of a tensor, let us revisit the

infinitesimal strains and rotations by considering an aspect of the Lie alge-

bra. To do so, we translate the coordinate system in such a manner that

we express every second-rank tensor as T = I + ∆T , where I is the iden-

tity tensor at the origin. Herein, we express the infinitesimal deformation

gradient as I + ∆F , where I is at the origin of the reference configuration.

Consequently, following expression (A.66), we write the polar decomposi-

tion as

I + ∆F = (I + ∆R)(I + ∆U) = I + ∆R+ ∆U + (∆R)(∆U) .

Neglecting the product, we obtain

∆F = ∆R+ ∆U , (A.81)

which means that—for infinitesimal strains and rotations—product (A.66)

becomes an addition. Also, following expression (A.72), we can write ∆F =

∆R + ∆v , which implies that, in such a case, ∆U = ∆v , and stretches

commute with the rotation.

Equation (A.81) is a decomposition of a tensor into its symmetric and

antisymmetric parts. To see that, consider the fact that R is an orthogonal

tensor, which means that RRT = I . If we consider infinitesimal rotations,

we can write

(I + ∆R)(I + ∆R)T = I ,

from which it follows—by neglecting the product, ∆R∆RT —that ∆R +

∆RT = 0 , which means that ∆R is antisymmetric, since ∆R = −∆RT .

Furthermore—since any second-rank tensor can be decomposed into its

symmetric and antisymmetric parts, and in view of expression (A.81)—it

follows that

∆U = 1
2 (∆F + ∆FT ) ,

which is the symmetric part of ∆F , and

∆R = 1
2 (∆F −∆FT ) ,

which is the antisymmetric part of ∆F ; these expressions are tantamount

to expressions (A.76) and (A.78), respectively.
17see also : Slawinski (2015, Exercise 1.3)
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A.11 Objective tensors

Objectivity of a tensor means that its intrinsic properties are independent

of its orientation in a current configuration, provided that we agree on

the same reference configuration. As stated by Bonet and Wood (2008,

Section 4.15),

From the point of view of an observer attached to and rotating
with the body many quantities describing the behavior of the
solid will remain unchanged. Such quantities, [ . . . ] , are said to
be objective. Although the intrinsic nature of these quantities
remains unchanged, their spatial description may change.

Fig. A.10: Vectors x(1) and x(2) in two orientations

The concept of objectivity relies on the invariance of certain quantities

under orthogonal transformations, Q , as shown by the fact that orthogonal

transformations preserve scalar products. To illustrate this property, let us

consider a scalar product of a pair of vectors, x(1) and x(2) , rotated by Q ,

x(1) · x(2) =
(
Qx(1)

)
·
(
Qx(2)

)
. (A.82)

To prove this identity, we write the right-hand side as
(
Qx(1)

)T (
Qx(2)

)
,

which means that we express a scalar product as a matrix multiplication.

Performing the transpose operation, we write
(
x(1)

)T
QTQx(2) . Since Q

is an orthogonal transformation, QTQ = I , and we obtain
(
x(1)

)T
x(2) ,

which— in terms of a scalar product—we write as x(1) · x(2) , which is the

left-hand side of equation (A.82). The invariance of a scalar product means

that both the length of a vector and the angle between vectors are not

affected by the transformation, as illustrated in Figure A.10.

In general, a scalar is objective if it has the same value in the reference

configuration and in the current configurations. As illustrated above, a
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vector, v , is objective if its components satisfy v′ = Qv , where ′ denotes

the rotated vector.

Fig. A.11: Objectivity of a two-point second-rank tensor illustrated by a defor-
mation gradient: Composition of operations F and Q acting on dX is QF dX ,
which is tantamount to F ′ dX .

A second-rank tensor, T , expressed in spatial coordinates, is objective

if T ′ = QT QT . A second-rank two-point tensor, however, such as the

deformation gradient, is objective if F ′ = QF , which means that it is

objective if and only if it maps an objective vector in the reference configu-

ration into an objective vector in a current configuration. To explain this,

following Figure A.11, let us consider the fact that dx′ = Qdx , which is

a line element in two current configurations. Since dx = F dX , we obtain

dx′ = QF dX , which implies that QF = F ′ , where F ′ is the deformation

gradient relating the reference configuration to the current configuration

containing dx′ .

Not all physical or geometrical quantities are objective. An example of

a nonobjective quantity is velocity, ∂x/∂t , since

ẋ′ =
∂(Qx)

∂t
= Q ẋ + Q̇x , (A.83)

where ˙ denotes the partial derivative with respect to time. Examining the

right-hand side, we see that the magnitude of ẋ is not preserved under

rotation due to the presence of the second summand, if Q̇ 6= 0 .

Let us comment on objectivity and frame indifference, which is one of

the tenets of constitutive relations. The latter is a quantity whose value

does not change, such as a dilatation, stated in expression (5.3), which is

a scalar given by the trace of a displacement-vector gradient. As discussed

by Epstein (2010, p. 297), in general,
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[t]here is nothing sacred about being frame indifferent. In par-
ticular, the principle of material frame indifference does not
claim that the quantities involved in a constitutive law must
be frame indifferent. Quite to the contrary, it affirms that even
though the quantities involved are in general not frame indif-
ferent, nevertheless the constitutive functionals themselves are
invariant under a change of frame.

To exemplify objectivity and frame indifference, let us examine the

Cauchy-Green strain tensors, discussed in Appendix A.4. We proceed in a

manner analogous to the one used to show the invariance of a scalar product

from equation (A.82).

Under orthogonal transformations, the right Cauchy-Green strain ten-

sor, given in expression (A.37), is

C ′ = F ′TF ′ = (QF )TQF = FTQTQF = FT I F = FTF = C , (A.84)

which means that—in view of its being a reference-configuration entity—

C is an objective tensor. Under orthogonal transformations, the left

Cauchy-Green strain tensor, given in expression (A.44), is

b′ = F ′F ′T = QF (QF )T = QF FTQT = QbQT , (A.85)

which means that b is also objective, but is not frame-indifferent. In other

words—under rigid-body rotations—its components transform in a required

manner, but are not invariant under such rotations.

Analogous properties are exhibited by the Green-Lagrange strain ten-

sor, E , given in expression (A.48), and by the Almansi strain tensor, e ,

given in expression (A.49), formulated in Appendix A.5. To show their

properties, we can proceed—in a manner analogous to C and b—from ex-

pressions (A.48) and (A.49) stated in terms of F .

Alternatively, we can use their relations to the Cauchy-Green strain

tensors, given in the same expressions. Following this approach, we write

E′ = 1
2 (C ′ − I) .

In accordance with equation (A.84) and the fact that I ′ = QIQT = QQT =

I , we conclude that E′ = E . Also, since

e′ = 1
2

(
I −

(
b−1
)′)

,

it follows that e′ = QeQT . This is a consequence of the linearity of tensor

multiplication, namely, that—for any second-rank tensor—Q (I +S)QT =

I+QS QT , and—in view of expression (A.85)—of a property of orthogonal

transformations, namely, that, for any invertible second-rank tensor,

S′ = QS QT ⇐⇒
(
S−1

)′
= QS−1QT . (A.86)
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In the context of objectivity, Q is viewed as a rigid-body rotation within a

given coordinate system. We can do so since property (A.86) remains true

if we replace Q [ · ]QT by QT [ · ]Q .

To prove property (A.86), we use the fact that S′ (S−1)′ = I . Multi-

plying the corresponding sides of the equations in expression (A.86) by one

another, we obtain

S′
(
S−1

)′
= QS QTQS−1QT = I ,

as required.

Remark A.24. Q [ · ]QT and QT [ · ]Q refer to a relative motion between

a second-rank tensor and its spatial coordinate system. These expressions

differ by the transpose of Q and, hence, they distinguish between the di-

rections of operation. In the case of rotation, they distinguish between the

clockwise and counterclockwise rotations, as can be illustrated in R2 by

Q =

[
cos(θ) − sin(θ)

sin(θ) cos(θ)

]
and

QT =

[
cos(θ) sin(θ)

− sin(θ) cos(θ)

]
=

[
cos(−θ) − sin(−θ)
sin(−θ) cos(−θ)

]
.

This property can also be interpreted as a distinction between the active

and passive rotations, where the active one corresponds to a change of the

orientation of a body, which is a process independent of any coordinate

system, and the passive one to a rotation of a coordinate system itself.

Given a tensor in a current configuration, S =
∑3
i=1

∑3
j=1 Sij êi ⊗ êj ,

and the coordinate system, whose basis is {ê1, ê2, ê3} , we can write the

result of its active rotation as

S′ =

3∑
i=1

3∑
j=1

3∑
k=1

3∑
`=1

Qik Sk`Q
T
`j êi ⊗ êj =

3∑
i=1

3∑
j=1

S′ij êi ⊗ êj

and of its passive rotation as S =
∑3
i=1

∑3
j=1 S

′
ij ê′i⊗ê′j . In the former, only

the tensor is rotated, and its components become S′ij . In the latter, only

the coordinate system is rotated, {Q ê1, Q ê2, Q ê3} , and its basis becomes

{ê′1, ê′2, ê′3} ; the tensor-components are adjusted accordingly,

S′ij =

3∑
k=1

3∑
`=1

QTikSk`Q`j .

If to study a particular concept suffices to examine relative orienta-

tions of a tensor with respect to its coordinate system, there is no need to
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distinguish between active and passive rotations. Such is the case of study-

ing material symmetry of elasticity tensors, discussed in Section 3.2 and

Appendix D.3. However, objectivity is to be examined in the context of

active rotations only, since it refers to the behaviour of physical properties

that might be affected by rigid-body rotations, as illustrated by expres-

sion (A.83), where Q is interpreted as a rotation of a body itself, not of its

spatial coordinate system; hence, Q̇ is the speed of the rotating body. If

such an interpretation is not obvious from the context, it might be conve-

nient to include a notation that allows us to distinguish between the active

and passive rotations.

Be that as it may, endowing of a mathematical structure with a physi-

cal meaning can be achieved only by analogy.18 Herein, to examine quan-

titatively a change of orientation of a body, we express its properties by

analogies to tensor properties with respect to its coordinate system. There

is no intrinsic structure to distinguish between active and passive rotations,

but such an interpretation might be faciliateted by a careful notation.

Example A.12. Let us consider a vector in R2 ,

v =

2∑
i=1

vi êi ,

where êi , i = 1, 2 , constitute the basis of Cartesian coordinate system in

which the components of v are expressed. Let us rotate v counterclock-

wise by angle θ , as illustrated in the left-hand plot of Figure A.12. The

components of v , with respect to the coordinate axes, become[
v′1
v′2

]
=

[
cos(θ) − sin(θ)

sin(θ) cos(θ)

] [
v1

v2

]
; (A.87)

the basis remains unchanged. We can interpret v′ =
∑2
i=1v

′
i êi as a vector

that represents an object rotated by θ . If we rotate the basis by −θ , as

illustrated in the right-hand plot of Figure A.12, for the vector—expressed

with respect to the new basis—to remain unaltered, we need to adjust its

components by applying operation (A.87) to obtain v =
∑2
i=1v

′
i ê
′
i , as

shown explicitly in Example E.1 on page 467.

If we assume that the coordinate system in the left-hand plot of Fig-

ure A.12 is fixed, we can interpret the change of coordinates of v , therein,

as an active rotation, in contrast to the right-hand plot, which one might

view as solely the rotation of coordinates. However, an affine space does
18see also : Brown and Slawinski (2017, Fig. A.1)
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Fig. A.12: Active and passive rotations of v are interpretations of relations
between the vector components and basis elements.

not possess a privileged immovable coordinate system within which objects

move. Each affine transformation is only a relative motion between an

object and the coordinate system.

Let us conclude with an insight of Tao (2013, p. 54).

Question A.1. Suppose one is viewing some text on a com-
puter screen. The text is so long that one cannot display all of
it at once on a screen: currently, only a middle portion of the
text is visible. To see more of the text, we press the “up” arrow
key (or click the “up” button). When one does so, does the text
on the screen move up or down?

The answer depends on the user interface model. Most such
models are passive transformations ; the “up” command moves
the observer up, and one’s view of the text then moves down as
a consequence. A minority of models (such as “hand” tools in
various pieces of software) are instead active transformations ;
dragging a hand tool upwards causes the text to move upward
(keeping the observer position fixed).

Subsequently, Tao (2013) discusses this—as he writes, somewhat informally

posed—question, in a mathematical context, by emphasizing the need for a

careful interpretation, whose ambiguity can be removed by careful notation,

with, as he writes, “internal” and “external” labeling.
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A.12 On terminology

Terminology used in finite elasticity might lead to misunderstandings, if

interpreted sensu stricto or if endowed hastily with a geometrical meaning.

The deformation-gradient tensor, F , is not the gradient in the sense of vec-

tor calculus, even though it shares with it certain properties of operations,

which are expressed in terms of partial derivatives and denoted by ∇X ,

with the subscript indicating their arguments.

Exhibiting operational similarities does not entail the sharing of essen-

tial properties. In the language of philosophy,19 epistemological and on-

tological reductions are distinct from one another. For example, the same

pattern to calculate the vector product, v ×w , and the determinant of a

3×3 matrix is only an operational similarity, since this product is not a de-

terminant of a matrix. Furthermore, we commonly refer to the result of this

product as a vector, since, similarly to a vector in R3 , it has three linearly

independent components. However, as mentioned in Appendix E, this is a

consequence of its being an antisymmetric second-rank pseudotensor in R3 ,

where the prefix indicates a modification in its transformation properties

(e.g., Landau and Lifshitz, 1975, pp. 18–19). We might refer to v ×w as

a vector, but we must be aware of its context and subtle distinctions. For

the reason of such distinctions, it is also referred to as a pseudovector, as

mentioned in Remark A.16; again, the prefix indicates a modification in its

transformation properties.

The issue of F lies in the fact that the independent variables, X , are in

the reference configuration and the dependent variables, x(X) , which are

the values of a function, are in the current configuration. In the language of

differential geometry, the domain and the range of x(X) belong to different

spaces. Thus, for instance, one could not interpret F in a manner analogous

to vector calculus, where a gradient is the direction—within the domain of

a function—along which the rate of increase of the function is the greatest.

Furthermore, for the very reason of X and x(X) belonging to differ-

ent configurations, F is not a tensor, sensu stricto. It does not follow the

transformation rule, described in Appendix E, which is a necessary con-

dition to be a tensor. In view of Appendix A.11, since a two point-tensor

transforms—with respect to either of its indices—as a vector, it is occasion-

ally referred to as a double vector. However, the fact that two point-tensors,

such as F , are not tensors does not mean that they do not share certain

19see also : Brown and Slawinski (2017, Chapter 7)
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operational properties with tensors nor does it prevent their usefulness in

continuum mechanics. In a manner similar to the infinitesimal-strain ten-

sor, stated in expression (A.76), F acquires its two indices as a consequence

of partial derivatives of two single-index entities; in a manner similar to the

Cauchy stress tensor, stated in expression (2.15), F forms a linear relation

between two single-index entities. Strain tensors discussed in this appendix,

and listed in Table A.1, are formulated in terms of F .

A certain vagueness of terminology and of a common geometrical mean-

ing is true for other two point-tensors, including the rotation tensor, R ,

discussed in Appendix A.9, and the First Piola-Kirchhoff stress tensor, dis-

cussed in Appendix B.2.1. Strictly speaking, neither of them is a tensor, nor

can R be interpreted as a rotation, in the sense of analytical geometry. In

the language of continuum mechanics, objects before and after mapping R

belong to different configurations; in the language of differential geometry,

they belong to different manifolds. In either case, this is illustrated by dis-

tinct bases of the coordinate system prior to, and following, the mapping.

A common meaning of rotation, which requires a rotated entity to remain

within the same—however abstract—space, is not preserved.

At times a misunderstanding arises in the context of, so called, ac-

tive and passive transformations of tensors, illustrated in Example A.12.

Therein, a mathematician might view a single vector in several guises,

which are a consequence of its transformations. After all, mathematically,

the essence of a tensor is the invariance of its properties under orthogonal

transformations. A physicist, for whom a tensor serves as an analogy for an

examination of the physical world, might view it as the same vector, v , if

its transformation is interpreted as a coordinate-transformation only, or as

two distinct vectors, v and v′ , if it is interpreted as a change of orientation

of a vector itself.

Let us conclude by a comment on deformation versus strain. In this

book, we use these terms synonymously, in contrast to, for instance, Ogden

(1997) and Chadwick (1976), as indicated by their quotes on page 398. Our

meaning of deformation is consistent with its etymology in Latin deformare,

which means to modify shape or size.

If necessary, the distinction between a deformed and undeformed con-

tinuum or a strained or unstrained continuum can be made obvious in

the context in which these terms appear. Thus, without loss of clarity,

the deformation gradient appears in Italian as gradiente di deformazione

or in French as tenseur gradient de la transformation, and the strain ten-

sor as tensore di deformazione or tenseur des déformations. Furthermore,
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Strain tensor Location Type Symbol

Right Cauchy-Green Appendix A.4.1 reference configuration C
Left Cauchy-Green Appendix A.4.2 current configuration b

Green-Lagrange Appendix A.5 reference configuration E
Almansi Appendix A.5 current configuration e

Right Stretch Appendix A.9.2 reference configuration U
Left Stretch Appendix A.9.3 current configuration v

Table A.1: Strain tensors

in both French and Italian, the polar decomposition results in rotation et

déformation and rotazione e deformazione, respectively, where deformation

is understood in the manner used in this book. In Polish, which—like

English—is not a Latin language, it is common to use interchangeably de-

formacja and odkszta lcenie (e.g., Rymarz, 1993, Section 2.2), where the

latter is just a Slavic translation of the former.

Closing remarks

Formulations in this appendix rely on operations involving the deformation

gradient, F . F relates entities in two distinct configurations, which—in

general—belong to different spaces. To simplify the operations, however,

we assume that both spaces are contained in the same R3 . Such an ap-

proach does not invoke explicitly the spaces tangent to a manifold, and,

hence, restricts the generality of a formulation. Nevertheless, it allows us

to examine the entities pertinent for finite strains.

The essence of this appendix is the formulation of a description that

allows us to examine the deformation of a continuum, even though its mo-

tion, in general, combines a deformation with a translation and a rigid-body

rotation. Deformations alone are given by the strain tensors listed in Ta-

ble A.1.

Each pair of tensors in Table A.1 consists of counterparts related by

the pushforward and pullback operations between the reference and cur-

rent configurations. For each tensor within a pair, the deformation of a

given geometric quantity is expressed with respect to only one configura-

tion; hence, the result is not affected by coordinate transformations.

As discussed in Appendices A.4, A.5, A.9 and, in particular, in Re-

mark A.14 on page 384, all strain tensors listed in Table A.1 are symmet-
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ric. However, not all of them are, in general, positive-definite; E and e are

not. Notably, as shown in Appendix A.5, the infinitesimal-strain tensor, ε ,

given in expression (A.76) and omnipresent in seismology, is derived from

these two tensors. As shown in Appendix A.10, it can also be derived by

invoking the decomposition of the displacement gradient into its symmetric

and antisymmetric parts.

There are other finite-strain measures. Notably, the Hencky strain ten-

sor can be expressed in terms of the right Stretch tensor and left Stretch

tensor as H := lnU and h := ln v , in the material and spatial coordinates,

respectively. The concept of logarithmic quantities is consistent with Zipf’s

law of statistics, which assumes that many types of data studied in physics

can be approximated by a logarithmic distribution.

A logarithmic strain is an example of the relation between the finite and

infinitesimal formulations, where the former can be viewed as the summa-

tion of increments of the latter. For a one-dimensional stretch, we write20

ε` =

ε`∫
0

dε =

x∫
x0

dξ

ξ
= lnx− lnx0 = ln

x

x0
= ln(1 + ε) ,

where dξ is an incremental elongation, x0 is the original length and x is the

current length. Hence, in accordance with a property of the logarithm,

ε = exp ε` − 1 .

Thus, if ε` → 0 , so does ε , and—in the limit—the logarithmic strain

becomes the infinitesimal strain.

Readers interested in strains discussed in this appendix—in the context

of seismology and geodynamics—might refer to Dahlen and Tromp (1998,

Chapter 2). In particular, finite strains appear in seismology in the con-

text of wave propagation in prestressed media (e.g., Chadwick and Jarvis,

1979; Chadwick and Smith, 1977; Destrade and Saccomandi, 2007; Dey and

Mukherjee, 1984; Ogden, 2001, Section 1.6).

Aspects of the finite-strain theory, discussed in this appendix, are men-

tioned in Section 3.2.3. The inherited infinitesimal entities appear implicitly

through most of the book. In Appendix B, we discuss stress tensors that

correspond to the finite strains discussed in this appendix.

20see also : Slawinski (2015, Section 1.4.3)


